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LOI NOI DAU

CHUONG TRINH GIANG DAY TOAN CAO CAP
TREN MOON.VN NAM HOC 2017-2018

Chuc mung cac ban di budc vao mot ngudng ctira moi cua cudpc doi. Viée dd
Pai hoc mé ra cho cac em mot trang méi véi day co hdéinhung khong kém thach
thire. Thach thirc khong chi ¢ viéc hoc xanha hoic & moéi truong ma co hoi tiép
xuc dé hoi dap véi Giang vién rat han ché trén nhitng giang duong 16n hang trim
Sinh vién ma & khéi luong kién thircdo-xo.

Tai bac hoc Pai hoc, mot mon hoc.dugc chia ra lam cac phan mon (hay con
goi 1a hoc phan). Cac hoc phan c6 tinh doc lap twong d6i vé ndi dung kién thirc nén
duoc t6 chic hoc va danh gia két qua hoc tap doc lap hoan.

Bai tap hoan toan duoc tap trung don vao cudi chuong hoic chuyén dé chir
khong theo bai (cac budi hoe). Cac bai tap ciing duoc giai theo tinh chu dong hoc
tap cua Sinh vién. Rat nhiéu ban Sinh vién ng& ngang véi viéc hoc ¢ bac Pai hoc
nén két qua hoc tap cic mon hoc Pai cuong thuong thiap hon nhitng mon hoc
chuyén nganh ¢ nam thir 3, thir 4 (hoac tha 5).

Tuy nhién, chuong trinh giang day Toan Cao Cap tai Moon.vn vén thiét ké
bai tap tai cudi cac bai hoc 1y thuyét (qua Video theo truyén théng & Moon.vn) va
cubdi cac chirong (Phan luyén tap chuyén dé). Ciing nham dé 1am quen véi cach hoc
& Pai hoc, mét sb video bai tap duoc dua ra véi muc dich huéng dan cac em cach
1am bai tap va trinh bay & bac Pai hoc.

Thay thiét ké chuong trinh véi lich phat song sém dé cac em co co hoi tiép
can sém véi kién va k§ nang lam bai tap tét. Hy vong véi sy chuan bi sém va tét,
cac em sé& thanh dat boi theo kinh nghiém: 95% thanh cong do viéc chuan bi.
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Pé cac ban Sinh vién tién theo ddi chuong trinh hoc, Thay thiét ké chuong
trinh dao tao dugc danh ma sd chi tiét theo cac phan doan don vi kién thirc tuan tu
dé cac em dé dang theo ddi. Cac em c6 thé vao duong link sau dé biét rd vé toan bo
chuong trinh: http://www.moon.vn/DaiHoc/TCC/

Tai bac Phé thong, cac em hoc mot chuong trinh Toan duy nhét con dbi Véi
Toan Cao Cép thi sy khac biét rat I6n dugc thé hién ¢ ting Trudng, tham chi ting
khdi nganh hoc trong Truong.

e Ddi vai cac khdi nganh K§ thuat, Khoa hoc (Su pham, KHTN), Céng nghé,
chuong trinh Toan Cao Cap dugc hoc 1a Toan A gdm c6 4 hoc phan riéng
biét voi duong link chinh cho Toan A
(http://mww.moon.vn/KhoaHoc/NoiDungKhoaHec/1010/7):
o Toan Al: Pai s6 tuyén tinh
o Toan A2: Giai tich 1
o Toan A3: Giai tich 2
o Toan A4: Giai tich 3
e D6i véi cac khoi nganh.-Néng — Lam — Y — Duoc, chuong trinh Toan Cao
Cép duoc hoc 1a Toan B gdm ¢6 2 hoC.phan riéng biét véi duong link chinh
cho Toan B (http://www.moon.vn/KhoaHoc/NoiDungKhoaHoc/1011/7):
o Toan Bl:Pai so tuyén tinh
o Toan/B2: Giai tich
e Dbi véi cac khoéi nganh Kinh té, Thuong mai, Tai chinh, Ngan hang, Luat
hodc Quan trj kinh doan ... chuong trinh Toan Cao Cap duoc hoc 13 Toan C
gém cO 2 hoc ph'ﬁm riéng bi¢t véi duong link chinh cho Toan C
(http://mww.moon.vn/KhoaHoc/NoiDungKhoaHoc/1012/7):
o Toan C1: Pai so tuyén tinh
o Toan C2: Giai tich

Tai Moon.vn, kién thuc 1y thuyét da dugc bd tri voi cac noi dung chi tiét cho
ting khéi nganh thong qua hé thong video bai giang cing gido trinh ddy du ciing
nhu céac tom tat Iy thuyét van dung dé nhanh chong c6 thé giai bai tap cho ca Toan
A, Toan B va Toan C. Di kém 1y thuyét co ban 1a mot kho dir liéu khong bai tap
dugc tong hop tir cac Dé thi gitta va cudi Hoc ky cac nam gan day cia cac khoi
nganh:
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e Toan Al, A2, A3 va A4: hon 3500 bai tap
e Toan BI va B2: gan 2000 bai tap
e Toan CI va C2: gan 2000 bai tap

Cac bai tap trong yéu duoc quay Video di kém 151 giai giup cac em oOn tap dé
dang, tiép can phuong phap giai nhanh chéng va chinh xac.

Thay va d6i ngii cac Supper Mods (ciing déu 1a cac Giang vién day Dai hoc) rat
vui duoc trao doi trén didn dan Toan cao cép tai Moon.VN. trén Facebook voi
duong link sau: https://www.facebook.com/groups/TCC.moon/

Cac em ciing co thé thac truc tiép véi thay tai trang Facebook ca nhan vi
duong link sau: https://www.facebook.com/Thay.Trung.Toan

Chuc cac em nhanh chéng thu luom duoc nhitng kién théte, hoan thién ki ning
va van dung sang tao !
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Chuwong 1: Ham s6 nhiéu bién
§1. Tong quan ham s6 nhiéu bién
1.1. Pinh nghia ham nhiéu bién
1.1.1. Dinh nghia :
Cho DcR?, anh xaf:D— R duoc goi la ham sd'hai bién s6.
Ki hi¢u la: f:D—>R
(x,y)>Z="1(xy)
e D la mién xé4c dinh cua f; x,y 13 hai‘bién s6 doc lap.
o f (D) = {Z = f (X, y) / (X, y) € D} goi 1a mién gié tri cua ham f
Ham sb n bién f (X, X,,..., X;) duge dinhonghia twong ty.
Mién xac dinh :
Cho ham sb Z = f(x,y)., mién x4e dinh cta ham f1a tap hop céc cap (X, Y)
sao cho f(X,y) cé nghia. Ky hiéula.D:
e D dugcC goi la lién thong trong R® néu voi M ,M, bat ky thude D ludn cé
thé ndi véi nhau bai dudng cong lién tuc nam hoan toan trong D
oD duoc goi 1a mo néu nhitng diém bién L ctua D khong thudc D
e Dduoc goi la dong néu moi diém bién L cua D déu thuoc D
e D duge goi 1a don lién néu nd bi gisi han boi nhiéu duong cong kin roi nhau
tung dé1 maot.
1.1.2. Biéu dién hinh hoc ciia ham hai bién sé.

Gia st Z = f (X,y) x4c dinh trong mién D ctia mt phang xOy
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MP // OZ va MP = f (x,y)=Z

r r £
Khi M bién thién trong D thi P bién thién trong R® va T
sinh ra mat S, S goi 1a db thi cia ham Z = f(xy) va E .
Z="f (X, y) con goi la phuong trinh ctia mat S. —\._ﬂ,
Mdi duodng thang song song véi truc OZ cat mat S |
khong qua mot diém. D ‘?:?fjx\

14 14 14 .\f
1.2 Giéi han ciia ham so hai bién so

Dinh nghia :

Chohamsé f(M)=f(x,y), xac dinh trong mién:D.chura diém M (X, Y, )
, 6 thé trir diém M, . Ta noi rang L 1a gi¢i han cua f(Xx,y) khi diem M(x,y)
dan téi diem M, (X,, Y, )neu véi moi day M, (X;,y,) thuoc D dan téi M, ta déu co

lim f(x,y,)=L

N—>+0

Ki hiéu : lim f(xy)=L

(x.¥)=>(%0.Yo)

hay : lim f(M)=L

M—->M,
1.3. Tinh lién tuc ctia ham so hai bién so :

1.3.1. Khdi ni¢m:
Cho ham s6 f(M)=f(x,y) , xéc dinh trong mién D, M,(X,,Y,) 1a mot

diém thudc D. Ta noi ham sb f (X, y) lién tuc tai M, néu ton tai :

va lim )f(x, y)="f(%Y,)

Ham s6 f(X,y) goi 1a lién tuc trong mién D néu no lién tuc tai moi diém thudc
D.
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1.3.2. Chu y:
bat x=Xx,+A, ;y=Y,+A tacod:

f(xy)= f(x0 +Ax;y0+Ay) va Af = f(x0 +Ax;y0+Ay)— f(Xo:Yo)
C6 the phat bieu: Him s6 f (x,y) lién tuc tai My (X, Y,) néu~

lim Af =0

(A4y)(0,0)
Vidu 1.1: Tim gi6i han (néu c¢6 ) cia ham s6 sau

2 — e

. f(xy) = Zroa(x = 0y —0)

X
x+y

(x — 00,y — )

b. f(x,y) = sin 5

Loi gidi:
a. Néu cho (x,y) — (0,0 theo phuong ctia dudng thang y = kx thi ta cé

Y-Ext 1-¥¢ 1-K

f(x, kx) 24y 14K 1+ k2 tr

Vay khi (x,y) — (0,0 theo nhitng phudng khac nhau thi f(x,y) dan téi

nhiing giéi han khédc nhau. Do dé khéng ton tai  lim  f(x,y).
(x,y)—(0,0)

b. Néu cho (x,y) — (0,0 theo phuong ctia dudng thing y = kx thi ta ¢6

X T e
f(x, kx) = sin = sin —— — sin

— khix —0
2% + kx 21k Tk o

Vay khi (x,y) — (0,0 theo nhiing phuong khac nhau thi f(x,y) dan téi

nhiing giéi han khac nhau. Do dé khéng ton tai  lim  f(x, y).
(x,y)—(0,0)
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§2. Pao ham riéng.
2.1. Pao ham riéng:
2.1.1. Dinh nghia:
Cho ham s6 z= f(X,y) x4c dinh trong mién D, diém M (%;,Y,)€D. Néu
cho y=y, , Vi y, 1a hing sb, ma ham s6 mot bién s6 x — f (X, Y,). c6 dao ham
tai X =X, thi dao ham d6 duoc goi 1a dao ham riéng d6i voix cua-ham so6. f (X, y)

tai (X, Y,) -

o ' of o0z
Ky hiéu: ' (X,.Y,) hay g(xovyo) hay 5(Xo’yo)

Nghiala: f 'X(Xo,yo):i)i(r_?0 f (XO A%, ﬁ)z_ f(XO’VO)

Tuong tw : Dao ham riéng doi v6i y cia ham so f(x,y) tai (%, Y,), ki

hiéu:

, (X, Y, +AY )= (X, Y
fy(xo'yo):AI;To (O : A3 (0 O)

Chuy:
¢ ‘DPao ham riéng cua ham s6 n bién doc lap ( n > 2) dinh nghia tuong tu.
e Khi tinh dao him riéng ctia mot bién nao d6 xem bién con lai nhu mot
hang sd.
2.1.2. Y nghia hinh hoc ciia dgo ham riéng:
Goi S 1a dothi cua ham s6 z= f(X,y) .
C, la giao tuyén cua S véi mat phang y=y, .
T, 1a tiép tuyén cta giao tuyén C, caa mat phang S véi mat phang y =y, tai
diem P(Xy, Y, Z) -
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(C, 12 dd thi cia ham 1 biéns6 y = f(X,Y,) trén mit phang y=y,)
T, 14 tiép tuyén cua giao tuyén C, cia mat phang S véi mat phang x = x,

o f' (X, Y,) = Hé so goc cua tiep tuyén T, cua C, tai P(X,,Y,,2,) VOi

zo=T(X,Yp) -
o f'(%.Y,) = Hé so goc cua tiép tuyén T, cua C, tai P(%g, Yy 2Z,) VOi
Zo=T(X,Y,) -

2.2. Pao ham riéng cap cao:

2.2.1 Dinh nghia :
Cho ham s6 z= f (x,y). Cac dao ham f',, f' 1 nhimg dao ham riéng cap mét.

Cac dao ham riéng cua dao ham riéng cip mot goi 1a cac dao ham riéng cap hai.
Céac dao ham riéng cua dao ham riéng cap hai-goei 1a dao ham riéng cap ba,....

Ky hiéu dao ham riéng cap hai nhu sau :

8 Xai

.00 Rer L)
5 a o)
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2.2.2 Dinh ly :

Néu trong mét 1an can U nao d6 cua diém M, (%, Y,) ham 6 z=f (x,y)
c6 cac dao ham riéng fX/y/ , fyﬁf va néu cac dao ham éy lién tuc tai M, thi fX/y/ = fy’)f
tai M,.

Vi du 2.1: Tinh cic dao ham riéng cta cac ham sb sau

a)z =In (x—l— wﬂ%—yz)

X
b) z = y*sin =

3
c)z = 1Y

xZ _ y,?_
d} Z = aI'Ctg m
e)u=x",(x, v,z > 0)

1
) u=e 7"+, (x,y,z > 0)

Loi giai:
a.
1+ —mm -
' x4y 1 r_ 2+

-
Ly

= - = L, =
o+ VA2 VT x0T+ 2
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b.
' X X X
Zy =ycos —;z, = 2ysin = — xcos _.
c.
P31, =3 21 1;3'
Zy =y "Lz, =3y Inxx
d.
) 1 J ( x2 —y? Y2
Ix= "= A =
X — dx x2+y? i/ xt — it
w1 y
o 1 d -y -y
= g @ 12+ 12 P
e T 4
e.
wy =y x¥ Ly = xV zy L nx;ul = ¥ Inylnx
f.
1 _ 1 _ 1 —
i, = T 2 =TT Y i =TT 2z

(22 +y2+22) (x2 + 12 +22)° (x2 412 +22)%

Vi‘du 2.2: Khao sat sulién tuc va su ton tai, lién tuc caa dao ham riéng cua cac
ham so fi(x,y)sau
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a.
2 £
xarctg (£)° néux #0
x,y) =
flxw) {D néu x = 0
b.
Xsiny — ysinx 2

P o~ GO
‘ 0 néu (x,y) = (0,0).

Loi gidi:
a. Ta dé thay ham so6 lién tuc véi moi (x,y) # (0,y).
Xét x =0, vi |x arctg (%)2‘ < % |x| nén lim x. arctg (L) =0=£(0,y).
Vay f (x,y) lién tuc trén R2.

Véi x # 0 cac dao ham riéng ton tai va lién tuc:

! y\2 2%y 2x3y
z, = arctg (;) __x‘l-l-lf‘l’Z”:_x‘l—l—y‘i
Xéttaix =0,
0o L) =FOy) oy | 0y=0
fx(0,y) = ;l,l_I.I?] P = arctg (y) —

7y #0

! . f(ﬂry-l'k}_,f([]ry] . —
Sy (O) = Jim PR =R = fimo =

Vay ta thay f; (x,y) lién tuc trén R\ (0,0) ; f (x,y) lién tuc trén R*.

b. Ham s6 lién tuc trén R?\ (0,0), con tai (0,0) thi
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X sIn Iy — ysinx xy siny sinx 1|siny sinx
0 < = —_ < —
B x4 y? 2+ y x 2|y x
nén 1 _
X sin i — ysinx
x—0 xc+y
y—0 ]

Vay f(x,y) lién tuc trén R
Vidu 2.3:
Gia st z = yf (x> —y?), 6 d6 f 1a ham s6 kha vi. Ching minh rang doi véi

ham s6 z hé thitc sau luén thoa man

Loi gidi:
Ta co

Zo=yf (P-v?) 2v2 =f (P =) +uf (¥ -17) . (-29)

nén
1 1 x2 —y?
—Z;-—‘——Z:;: u — iz
X y- Y y
Vidu 2.4:

Tim dao ham ctia ham s6 hop sau day

2o
a. z=¢e" ", u=cosx,v=/x2+
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b. z=In(u*+2?),u =xy,ﬂ:§.

c. z=arcsin (x —y),x = 3ty = 4f°.

Loi gidi:
a. Taco
_ X
{ Uy = —SINX Ux = ?_x2+y2
r__ ’ g y
= =
nen
2l = e0s ¥ =2 +y7) [— sin 2x — 4x]
Z:} — Ectlsxl—E(x2+y2) [_4_1!'] )
b. Ta co
W=y [v=y
;I’ =X [,J:;;r = ;_it'
nén
zr _ E zf 2 (y4 — 1)
oyt +)
¢. Ta co
x; =3
y = 12+
nén .
2 = - (3 _ ]2f2)
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§3: Vi phén toan phin va vi phan cip hai

3.1 Dinh nghia :
Cho ham s6 z=f(xy) xéc dinh trong mién DcR* , M,(X,Y,) va
M (%, +A,: Yo +A, ) 1a hai diém thuoc D.

Néu sd gia Af (X, ¥o)= T (% +A,: Yo +A, )= (%, Y,) c6 thé biéu didn duci dang
Af (X9, ¥o)=AA, +BAY +aA, + BA, thi ta néi ham 66 F(x,y) kha vi tai
M, (X5 Yo ), biéu thic AA, +BA, goi la vi phan toan phan cua hamsd f (x,y) tai
(% Yo) Gng V6i cac s6 gia A, A, va dugc ky hiéu 1a df (x,, Y,) hay dz.

Ham s6 f(X,y) goi 1a kha vi trong mién.D néu no kha vi tai moi diem cua mién
ay.
Chu ¥ :
o Néu f(x,y) kha vitai(%,,Y,) thi ton tai cdc dao ham riéng
0 Yo) 1y (%1 Vo).
e Khac voi ham-sé-mot bién , néu ham sé hai bién f (X, y) co cac dao ham
riéng f 'X(XO, yo), f 'y(xo, yo) thi'chua chic n6 di kha vi tai (XO, yo).
3.2. Piéu kién kha vi ciia ham s6 nhiéu bién :
Dinh Iy :
Néu ham sb z = f(X, y) c¢6 cac dao ham riéng trong mot mién D, chira diém
Mo (%o, Yg). va néu cac dao ham riéng 4y lién tuc tai M, thi ham sé f (x,y) kha vi

tai M, vi phan'toan phan cua f (X,y) tai M, dugc tinh theo cong thuc :
df (XO' yO): f lx(XO’ yO)Ax + f |y(X0! yO)Ay
Chay:Taco A =dx;A, =dy dodo:

df (X0, Yo) = T ' (%o Yo )X+ F', (X, Yo )y
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3.3. Ung dung ciia vi phan toan phan vao tinh gin ding:

Khi A,,A, kha nho, ta c6 thé xem Af (x,,Y,) Xap xi bang df (x,, y,) tic la:

Af (% ¥o) = F 1 (% Vo)A + £y (X0 ¥o) A, hay
f(xO +AY, +Ay)z f (% ¥o)+ T (X0 Yo ) A+ T (% Yo)A, -

3.4. Diéu kién dé biéu thirc P(X,y)dx+Q(x,y)dy 12 mét vi phan toan phan:
Dinh 1y:
Gia sir cac ham s6 P(X, y),Q(X, y) c6 cac dao ham riéng lién tuc trong mat
mién D ndo d6. Biéu thirc P(X, y)dX+Q(X, y)dy 12 mot vi phan toan phan khi va
chi khi :

@—@'V(x,y)e D

oy ox|
3.5. Phwong trinh ciia tiép tuyén, phap dién ciia dwong cong tai mot diém.

3.5.1. Dwong cong trong khong gian.

Cho I cR;tel , Anh xa cho twong tng modi
sb thyc t véi mot vecto trong R? duy nhat r(t) goi la
mot ham vecto. Néu x(t),y(t),z(t) 1a ba thanh phan
cia vecto r(t) thi ta viét : C

r(t)=(x(t).y(t).z(t))
hay r(t)=x(t)i+y(t)j+z(t)k.

Pit OM :F(t) , diém M ¢6 toa do 1a x(t),y(t),z(t).Gia sir cac ham sb

x(t),y(t),z(t) lién tuc trén 1.
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Khi t bién thién trong I diém M vach nén mot dudng cong C lién tuc trong
R®. Tanéirang x=x(t),y=y(t),z=z(t) la cdc phuong trinh tham s6 clia duong
cong C.

r(t) = X(t)i + y(t)] + Z(t)R la phuong trinh vecto cua duong cong C.

.
-

e

3.5.2. Phuwong trinh ciia tiép tuyén.
Gia sir cac diém
Mo (X(t).¥(t).2(t,)) va M(x(t, +h),y(t, +h),z(t, +h))
thuoc duong cong C. Cac ham s6 x(t),y(t),z(t) kha vi tai t, thi
r'(t)=(x'(t,).y'(t,).2'(t,)) - Vi tri gi¢i han cia cat tuyén MM khi M dén t6i

M, trén duong cong C néu ton tai la tiep,tuyén cua C tai M,. Diém P(x,y,z)

thue tiép tuyén C tai M, khi va chi khi MP cing phuong véi r'(t,) , nghia 1a
phuong trinh tiép tuyén.ciia duong cong C tai M, 1 :

x—X(t;) Y- y(t,) z—-12(t)

X(t)  y(L) (k)

3.5.3. Phap dién ciia dwong cong :

Mat phang di qua M, vudng goc véi tiép tuyén caa duong cong C tai M,
goi 1a phdp dién cua duong cong C tai M,. Biém P(x,y,z) nam trén phép dién
clia dudng cong C tai M, khi va chi khi MP Lr'(t,) hay MyP.r'(t,)=0 , nghia
la phuong trinh phéap dién cua duong cong C tai M, 1a :

[x=x(t)) [x'(t,)+[ y = y(t) ]y'(t) +[ 2 2(t,) ]2'(t,)

0
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Vidu 3.1:

Tim vi phén toan phan ctia cac ham so6

a.z:sin(x2+y2). b.z:lnfg%
c.z:arcfgii_y du=x"2
Loi gidi:
a.
dz = cos (xz + yz) (2xdx + 2ydy)
b.
dz = : 2214' . (Xdl; —zydl‘) .
sin =~ o
c.
(x —y)dx + (x+y)dy
dz = > T
(x—y)" +(x+y)
d.
y'z
du = 2/ (de+2yzlnxdy+yzlnxdz) :
Vidu 3.2

Tinh gan ding

a. A=1{/(1,02+ (0,05

b. B=1In(v/1,03+ y/0,98—1)

Loi gidi:
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a. Xét ham f (x,y) = /x> +y%, Ax = 0,02, Ay = 0,05;x = 1;y = 0. Ta cé

1 1
f.! — Zx;ff —
o3 (a2 —|—y*’-]2f3 T3+

}2;3 2y
Khi do

f(1+Ax,0+Ay) = f(1,0) + f; (1,0) Ax + f; (1,0) Ay

=1+ %.U, 02 4+ 0.0,05 = 1,013.
b. Xét ham
flx,y)=In(Vx+ ¥y —1);x=1y=1Ax =0,03;Ay = 0,02
Ta co
f,__ 1 1 _ff__ 1 1
TV YT 1387 xRy —1 3y
Khi dé

f(+Ax,1+Ay) = f(1,1)+ f; (1, 1) Ax + £, (1,1) Ay

=0+ %.0,03 + % (—0,02) = 0, 005.
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§4. Pao ham ctia ham so0 hgp. Pao ham cia ham so an.
4.1. Pao ham cia ham so hgp

4.1.1. Dinh nghia:
Cho hamsb z = f (u,v) , trong d6 U= u(x),v :V(X) la nhitng ham sb cua X.
Tanéirang z= f (u(x),v(x)) 1a ham s6 hop ciia x.
Pinh Iy :
Néu z=f(u,v) 1a ham s6 kha vi cia u, v ya u=u(x),v=v(x) la nhing
ham sb kha vi ctia x thi z 1a ham sb kha vi cua x vataed :
4.1.2. Dinh nghia 2:
Cho z=f(u,v), trongd6 U=u(x,y),v=V(X,y) la nhimg ham s6 cia hai
bién s6 doc 1ap x,y. Khi d6 z=f (u(x, ¥),v(x,¥)) 1a ham s6 hop ciia x,y.
Dinh 1y :
Néu ham s0 z = f (u,V) 1a ham s6 kha vi cta u,v va cac ham s6 u=u(Xx,y),

v=V(X,Yy) ¢6 cac dao ham riéng u',,u 'VVY thi t6n tai cac dao ham riéng

07 oz . \

—4y—wvataco:

OX 0y
gz _ofu of ov
OX OUOX oV oX

oz of ou of ov
—_——

4.2. Pao ham cta ham so an.
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4.2.1. Dinh nghia ham dn:
Gia st hai bién so X,y ring bugc véi nhau béi phuong trinh F(x,y)=0 . Ta

néi y=f (X) la mot ham sb xac dinh trong mot khoang nao d6 sao cho khi thé
y = f(X) vao phuong trinh F(x,y)=0 ta duoc mot dong nhat thic.
4.2.2. Pao ham ciia ham dn

Néu F(x,y) kha vi trir mot s6 diem, ham s6 y = f (X) kha vi thi :

F(xY)+F (xy)y'=0

— F(Xxy) . _
hay y'=y :—% néu F,(x,y) =0

Vidu4.1:

» * ”~ - = - - e - -
Tim dao ham ctia cdc ham so an xac dinh béi cac phuong trinh sau

a. ¥’y —y’x = a*; tinh v/ b. arctg Xy _ Y. tinh '
! p " !
c. x+y+z=¢; tinhz,z d. x>+ 1’ +2° = 3xyz =0, tinh 2}, 2}
Loi gidi:
a. Xétham so an F (x,y) = X’y —y’x —a* =0, ¢6 F; = 3x°y — y; F, = x° = 3y°x.
Vay
B _ y-y
Y F 3 — 3y’x
b. Xét ham s6 4n
1
P‘; - 1 ;_"'E 7= HZ+I::+;|;}2
F(x,y) = arctg =~ — L ¢ +(=%) R )
Fle —a 1 _ a—-a—(x+y)
Yo a4+ (x+y) T a(al+(x+y)?)
25
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nén
yf" = L
(x+y)*

- » -
c. Xét ham so an

Fxr,yz)=x+y+z—ecdFE=1LF =1LF =1-¢

d. Xét ham s6 4n
F(x,y) = x> +y° +2° —3xyz = 0 ¢6 F, = 3x* — 3yz;

F, = 3y" — 3xz; F. ='32% — 3xy

nén
J 3yz —3x2_2, _ 3xz—3y*
¥ 322 -3xy’ Y 322 —3xy
Vidu4.2:

. x+2 - I r - i r = = F- - -
Cho u = vz tinh ., iy biet rang z la ham so an cua x,y xac

dinh béi phuong trinh z.e? = x.e* + y.e¥
Loi giai:
Xét ham so
Fl = — (e* + xe¥)

F(x,y,z) = ze* — xe* —ye¥ =0 co F; = — (e¥ + ye¥)

F! = ¢* + ze*
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nén
L (42).tn) - (xn) (@) (L+HEER) -G+ SR
J (v+2)° y+z)
. 1) ¥ 1)
o (x+2). (] +z;) — (y+2) (z;,) B (x +z2). ]—I—ii—%) —(y+2z) (%)
[ (v+2)° (y+z)°
Vi du 4.3:

Tim dao ham ctia cédc ham s6 an y(x), z(x) xéc dinh béi hé

x+y+z =0
Py 4zt =1
Loi gidi:
Lay dao ham hai vé ctia cac phuong trinh cta hé ta cé
1+ vy, + 24 =0
2x 4+ 2yyy + 22z, =0

nén
y;:Z_I
¥y
zy = o=
Vi du 4.4:

- - “ - A - e - . &
Tinh cac dao ham riéng cap hai cua cac ham so sau

a.z= % (x2 +2)°
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b.z =x"In (J:E—l— yz)
- y
¢.z = arctg

N

Loi gidi:

2 = x4 2

a. Taco ) -
zy =yV/x*+y

e ‘ 2/x2+y2 JxP 4P

. 2y x? + 27
nén < z/ = /xT+ ¥ +1 =
" Y jz\,/x2+y2 NEET
1 2xy

xy
Z = =

2
zi =2xIn(x+y) + :
b. Tac6 , x+y
x
zl =
Iox+y
( 2x  2x(x+y)—x?
zgxzzln[x+y}—|—x+y+ ((x+yj]2
nén { zy, = 2x — |
Yooxty (x4y)
2
Zyy 3
L {I—Fy’}
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P 1 _}f_ —Y
= 2° .2 T L2 2
N x x“+vy
c. Taco Z,_l—l_l(x) 1 . ’
(L _ __2xy
T (a2 +2)
an { 2/ = _(x2+y2)+y'2y _ yz_xz
X2+ y?) (x* +y°)
M — —=XY
Yy [xz_l_yz)l

\

Vidu4.5:
Tinh vi phan cap hai cta cac ham so6 sau
a.z = xy" — x7y

b.z = Z(xz;—kyl}
Loi gidi:
a. Ta cé dz = (y* — 2xy) dx + (2xy — x?) dy nén
i’z = =2y (dx)* + 4 (y — x) dxdy+ (2y) (dy}z

b. Ta ¢6 dz = —*—dx +_—f Yy nén

2(x24+y2)° 2(x2+y2)
2 a.2 P
42z = 5"—3"'3 (dx)? — 4—~"dxdy +—— _(dy)*
(x*+y%) (x2+y2)° (x2 + y? }
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§5. Cuec tri
5.1. Cue tri tw do ctia ham s6 hai bién sé:
5.1.1. Dinh nghia :
Ham s6 z=f(x,y) goi 1a dat cuc trj tai diem M (%,,Y, )-néu moi diém
M (x,y) kha gan diém M, nhung khéc M, hiéu f(M)-f(M,) c6 dau khong
doi.
e F(M)-f(M;)>0 = M, diém cuc ticu; f(M,) gid tri'cuc ticu.
e f(M)-f(M)<0 = M, diém cuc dai ;f (M,) gid tri cuc dai.
e Cuc dai hay cuc tiéu goi chung 1a cyc tri , Piém M, duoc goi la diém cuc
tri.
5.1.2. Piéu ki¢n can ciia cuwc tri
Dinh ly :
Néu ham s6 z= f(X, y) dat cuc tri tai diém MO(XO,yO)Vé tai do cac dao ham
riéng ton tai thi ', (Xguye) =0 f ', (X0, ¥p) =0

Nhitng diém ma tai d6 cac dao ham riéng cap mot bang 0, goi 1a diém dung.

5.1.3. Piéu kién dii ciia cwc tri :

Gia stt M (%,, Yg)1a mot diem dung cua ham s6 f (x,y) va hamso f(x,y) c6
cac dao hamriéng cép hai & 1an can diém M,. bat A= fX/X/(XO,yO),B: fX/y/(XO,yO),
C=f, (XY,)- Khido:

e Néu B’-~AC<O thi f(x,y) dat cuc tri tai M, va dat cyc tieu néu
A>0., cuc dainéu A<O

e Néu B*—AC>0 thi f(x,y) khong dat cuc tri tai M,
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e Néu B?—AC=0. thi chua két luan dugc f(X,y) dat cuc trj jay khong
datcuc tritai M, .

5.2. Cue tri c6 diéu kién:
5.2.1. Khdai niém:

Cuc tri ciia ham s6 z = f (X,y) trong dé céc bién s6 x va y bi rang budc boi
hé thae g(x,y)=0 la cuc trj c6 dieu kién.
5.2.2. Dinh Iy:

Gid st My ( %y, Y,) 1a diém cuc tri c6 diéu kiénng(x,y)=0. Néu & 1an can
M, hamso f(x,Y),g(X y) c6 cac dao ham riéng cap mot lién tuc va cac dao ham
riéng g',,g', khong dong thoi bang 0 tai M, khi do ta c6 tai M:
ot
g)( g IX

=0

Chuy:
Néu cac diéu kién cua dinh 1y thoa mén thi ton tai mot sé A sao cho tai diém
M, taco:

H¢ phuong trinh nay cung véi phuong trinh ¢ (X, y) =0 gitp tim 4,X,,Y, -
S6 A duoc'goi 1a nhan tir Lagrange. Phuong phap tim A, X1 Yo duoc goi 1a phuong
phéap nhan tir Lagrange.
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5.3. Gi4 tri 16n nhat va bé nhit ciia ham hai bién so trong mot mién déng gi6i
noi.
Muon tim gid tri 16n nhat va bé nhét ciia ham s6 f(x,y) trong mot mién
dong gidi noi D ta thuc hién cac budc sau:
e Tinh céc gia tri cua f tai cac diém ding thudc mién D
e Tinh cic gia trj cua f tai cac diém bién cua D
e S6 16n nhat trong cac gia tri di tinh ¢ trén 14 giatri 16N nhat,'s6 bé nhat
trong cac gia tri da tinh o trén 1 gia tri bé nhat can tim.
Vidub5.1:
Tim cuc tri ¢6 diéu kién ctia ham s6

z:—+ vﬂldleuklen-r—l—ﬁ; Elg

Loi gidi:
Xét ham so Lagrange ¢(x,y,A) = 3 + 3+ A(5 + ﬁ —2)-

Tu hé phuong trinh

Bj‘l -1 _ 2
P
ng_ 1 _ 2)
Ty
d 1,1 1 _
o= etp—z=0
ta thu duge cac diém t6i han 1a M;(av/2,av/2) tng véi A; = —%,
W

M>(—av'2,—av2) ing vai Ay = Lz Ta co

2 2
Pp = g L +2 L g;dxdy +§17de2 - ( 2+ ﬂ) dx® + (3 + %) di
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'I‘ﬁ:diéukiénxl—z+lz—ﬂl2:Dsuyra—idx—y%dy:(]

y x
nén dy = —%dr, thay vao biéu thic d%¢ ta co
o Tai My, ?¢p(M,) = —¥2(dx? + dy?) = —2Z(dx2) < 0nén M, la diém cyc dai
c6 diéu kién.
o Tai My, @p(M>) = L(dx? + dy?) = 22(dx?) > 0 nén M, 1a diém cuc tiéu

¢6 dieu kién.
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Chuong 2: Tich phan bi
§1. Tich phan kép:
1.1. Phép @di bién s6 trong tich phan kép
1.1.1. Phép déi bién sé tong quadt
Phép d6i bién sd tong quat thuong duoc sir dung trong treong hop mién D 1a

giao cua hai ho duong cong. Xét tich phan kép: | =” f (x,y)dxdy , trong do
D

f (x,y) lién tuc trén D. Thuc hién phép doi bién so x=x(u,v),y=y(u,v) (1) théa

~

man:

o x=x(u,v),y=y(u,v)la cac ham sO lién tuc va co dao ham riéng lién

tuc trong mién dong D,, cua mat phangO',,

e Cac cong thirc (1) xac dinh song anh tr D, - D.

e Dinh thac Jacobi . J _Dlxy) Xlu X|V #0
D(uv) |y, Y,
Khi do ta c6 cong thuc:
I —H (%,y)dxdy = H y(u,v))|J|dudv

Chuy
. Muc dich ctia phép doi bién s6 1a dua viéc tinh tich phan tir mién D ¢
hinh dang phuc tap vé tich phan trén mién D, don gian hon nhu la
hinh thang cong hodc hinh chit nhat. Trong nhiéu truong hop, phép
doi bién sb con 6 tac dung 1am don gian bieu thue tich phan f (X, y).
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e Mot diéu hét stic chu ¥ trong viée xac dinh mién D, do la phép doi
bién s6 tong quat s& bién bién ctia mién D thanh bién ciia miénD,,,
bién mién D bi chin thanh mién D, bi chan.

e (6 thé tinh J thong qua :

u&u&
ViV

4 _D(uyv) _
D(x.y)

Vi du 2.01.1. Chuyén tich phéan sau sang hai bién u,v :

1 X —
a) Idx.[ f (x,y)dxdy , néu dat {u_x+y
0

J V=X-Y
b) Ap dung tinh véi f(x,y)=(2-x-y)’
o
2
V
1
E 1 X o’ 2 (1
Loi gidi:
X_U+V
u=x+y 92 D(x,
V=X-y u-v D(u.v)
y:_
2
hon nita
{Osx£1 {o_
D ééDw
—X<y<X sSv=sz—-U
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nén :—Jd j (u+v uzvjdv

1<xy<
Vidu2.01.2 Tinh | = [[(4x° ~2y?)dxdy , trong d6 Dy
& X<y<
v
y=4x
y =1
1r % xy =4
| ay=1
0 1 x
Loi gidi:
Thuc hién phép déi bién
u=Xy u
X=,|— 1<u<4
Y= \E D, : =]y §=2l=2@=2v
v== 1<v<4 2 X u
X y:\/u_v V
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1.1.2. Phép déi bién sé trong toa dé cuc

Trong réat nhiéu truong hop, viée tinh toan tich phan kép trong toa do cuc don
gian hon rat nhiéu so véi viéc tinh tich phan trong toa dé Descartes, dic biét 1a khi
mién D c6 dang hinh trong, quat tron, cardioids,... va ham dudi dau tich phan co

biéu thl'l.’c(x2 + y2) Toa d6 cua diém M (X,y) la bo (r,go) , trong do :
X =TrC0S¢
y=rsing
Cong thtrc d6i bién :
X =TrC0S¢
y=rsing

trong 6 mién bién thién cua r,¢ phu thuc vao hinh dang caa mién D.

Khi d6 J =M:r ,va | =ﬂf(rcosw,rsin¢)rdrd(p
D,

D(r,(o)

bic biét , néu

re

o (p)
thi : | = jdgp j f (rcose,rsing)rdr

21 (o)

Vi du 2.01.3.Tim can lay tich phan trong toa do cuc | = ” f (X, y)dxdy jtrong do
D

D la mién xac dinh nhu sau:

a) a®<x*+y’<b’
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y
b
a
b
0 a x
Loi giai:
0<@p<2rx 2r B _
: | = | do|f rdr
{aSrsb = _([ (p.e[ (rcosg,rsing)

b) X*+y*>4x,x* + y* <8X,y > X,y < 2X

I

-

Loi gidi:

Taco:

8cos¢g

o< 3
D:ii4" "7 3 :>I:jdgojl f (rcose,rsing)rdr
i

4cosep <r <8cos¢e 4cosp

Vi du 2.01.4. Dung phép d6i vién sb trong toa d6 cuc, hdy tinh cac tich phan sau:
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R

a) Idx RJ'X In(l+ x2+y2)dy(R>0)
0

0

NN

Loi giai:

Tir biéu thirc tinh tich phén ta suy ra biéu thuc giai tich chamién D 1a

0<x<R
0<y<yR?=x?

nén ta chuyén sang toa d¢ cuc, dat:

{x=ram¢ ‘ O<p<=
] thi
y=rsing

dwim (140 rmw:%Tk(1+rﬂd(1+rﬂ

:%[(R2+1)In(R2+l)—R2]

. X +(y-1)'=1
b) Tinh j j xy?dxdy , D gi¢i han boi
D X +y’—4y=0

O vy
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y
-
()] X
Loi giai:
5 X=TrCoS¢p 0<op<rx
bat : — ) )
y=rsing 2sinp’<r<4sing
T 4sing 5
I:jdgo j rcose.(rsing) rdr=0
0 2sing

Vi du 2.01.5. Tinh cac tich phan sau :

4y <x*+y*<8
a) H dxd y Jtrong d6 D: { y d y

(x*+y?) X<y<xJ3
y
8 y=x\/3
y=x
4
) X

Loi giai:
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T T
X =1rC0S —<p<—
bit { S
y

. 3
=TSN 4sing <r<8sing

| :jd¢8s]gw_rdr:_£j§ 1 3 1 do
AR & 2\ 64sin*p 16sin’ ¢
4 4

b) ﬂ L=V xdy |, trong d6 D:x7 +y? <A /
1+x +y? 1
Lol giai: -
5 X =TrCcoS¢p 0<p<L2r
bat e
y=rsing 0<r<1
Taco:

270 L 1 g2 yer? A —
:Idgoul rz r= Zﬁjl,ll—udu
5 o Vl+r v 2 V1+u

4t

— du=- dt
Pit t= ,/1—” - (1+t2)
1+u

0<t<1

1
. © 4dt i 4x I dt

1 1 t 1 1
+4r| —
0 202 +1 2
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(% +y2<12
X* +y? > 2x
C) Hgdxdy trong d6 D : Ty
X*+y X%+ y2 > 23y
x>0,y>0
L
23 D,
|
0 2 2\‘@ X

Loi giai:

Chia mién D thanh hai miénnhu hinh vé

D=D,uUD,,D; =}

\2\/§sin(ps r< 2\/5

Vay =1 +1, trong do

243 5
d(z) r? COSgDSIn¢ rdr =

2cos g

ot— Iy

Tcowsin (12— 4cos’ p)dp=..
0

17

32
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% 23 . %
|2=J.d¢) j Mrdr=lj'cosgosingo(u—125in2go)dgo=...=z
. r 2 32

K Z\ﬁsmgo L

6 6

1.1.3. Phép déi bién sé trong toa d cwc suy rong
Phép dbi bién trong toa do cuc suy rong duoc sir dung-khi mién D ¢ hinh dang
ellipse hoidc hinh tron ¢ tim khong nam trén céc truc toa do.Khi sir dung phép doi
bién nay, bat budc phai tinh lai cac Jacobian cta phép doi bién.
1. Néu D: = y—2 =1, thuc hién phép doi bién
b

aZ

{x =arcosg | _

y =brsing
2. Néu D:(x—a) +(y—b) =R?, thuc hién phép ddi bién

{x:a+rc05(p Iy

y=b+rsing’
3. Xéc dinh mién bién thién cua r,¢ trong phép doi bién trong hé toa do cuc
suy rong.

4. Thay vao cong thirc'bién d6i bién tong quat va hoan tat qua trinh ddi bién.

Vidu 2.01.6. Tinh

2 2

JJ‘QXZ —4y2‘dxdy trong d6 D :XI+yES1

Loi giai:
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5 X =2rcos¢e 0<@p<2r
bat = J =6r,
0<r<1

y=3rsing

Taco :

| = 6” ‘36r2 cos® @ —36r’sin’ (p‘ rdrde = 36.62f|cos 2(0|d(0j r’dr=...=216
D, 0 0

ro

Vidu 2.01.7. Tinh

2 2 y
R R“—x
.fdx I JRX—x? —y*dy,(R>0)
0 _Jr2_x2
0
Loi giai:
Tur biéu thte tinh tich phan suy ra biéu thie giai
tichcuaDIa:
OSXSR ( R)Z ) RZ
D: S| X—— | +Yy <—
—JRx = x* <y <yJRx—x? 2 4
R 0<p<2r
5 X=—+rcosgp
Dt 2 =|J|=r, R
) 0<r<—
y.=rsing 2
Vay
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§2. Tich phan bgi ba

2.1. Pinh nghia va tinh chat
Dinh nghia 2.2
Cho ham s6 f (X, Y, Z) xac dinh trong mot mién dong, bi chin V caa khong gian
Oxyz . Chia mién V mét cach tiry ¥ thanh n mién nho. Goi cac mién'dé va thé tich
ctia chung 1a AV,,AV,,...,AV, . Trong mdi mién A, liy mot diém tiy v

M (X, ;,z;) va thanh 1ap tong tich phén I, =Zn: f (X, Y:,2)AV, . Neu khi n— oo

i=1

sao cho max
{AVi —)O} ma | tién t&i mot gia tri hiruchan I, khong phu thuoc vao cach chia
mién V va cach chon diém M (Xi Vi, Zi) thi gigi han ay duoc goi 1a tich phan boi

ba cua hamsd f(x,y,z) trong mién V, ki hiéula m f(xy z)dVv
\

Khi d6 ta néi rang ham sb f (X, Y, Z) kha tich-trong mién V.

Do tich phan bdi ba khong phu thudc vao cach chia mién V thanh cac mién nho
nén ta c6 thé chia’VV bai ba he matthang song song véi cac mat phing toa do, khi
d6 dV = dxdydz va ta co thé viét

m f (x¥,2)dv =m f (x,y,z)dxdydz

C4c tinh ¢hit co'ban

e Tinh chat tuyén tinh
I f (% y.2)+ g(x y.2) dedydz
\%

=[] f(xy,2)dxdydz + [[[ g (x,y,2)dxdydz
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ﬂ kf (x,y,z)dxdydz = k.m f (x,y,z)dxdydz
\%
e Tinh chat cong tinh: Néu V =V, UV, vaV, "V, = thi :
_m f (x,y,z)dxdydz
\%

- mf(x,y,z)dxdydz+_mf(x,y,z)dxdydz

2.2. Tinh tich phan bgi ba trong hé toa d¢ Descartes

Ciing gidng nhu viéc tinh toan tich phan kép; ta can phai dua tich phan ba 16p
vé tich phan 13p. Viéc chuyén doi nay sé dugc thuc hién qua trung gian 1a tich phan
kép.

Tich phan ba l6p = Tich phan hai 16p = Tich phan lap

So do trén cho thay viéc tinh'tichphan ba 16p dugc chuyén vé tinh tich phan kép
( viéc tinh tich phan kép da duoc nghién cau ¢ bai trudc ). Puong nhién viéc
chuyén ddi nay phu thudc chat ché vao hinh dang ctia mién V. Mot lan nira, ki
ning v& hinh la - fit quan trong. Néu mién V duoc gigi han boi mit
2=2,(%Y),z2=2,(xYy) , trong d0 z=27(X,Y),Z=2,(X,Yy) la cdc ham sb lién tuc

trén mién D, D 13 hinh chiéu cia mién V 1én mit phang Oxy thi ta ¢6 :
2(x,y)

| = m‘ f (X, y,z)dxdydz :ﬂdxdy I f(x,y,z)dz
v D z(x.y)

Thuit toan chuyén tich phan ba 16p vé tich phan hai 16p
1. Xac dinh hinh chiéu caa mién V 1én mit phang Oxy.
2. Xac dinh bién dudi z=z7,(x,y) va bién trén z=27,(x,y) cua V.
3. Sir dung cong thirc (2.1) dé hoan tat viéc chuyén doi.

Pén day moi viéc chi mgi xong mot nira, van dé con lai bay gio 1a:
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Xac dinh D va cac bién z = z1 (x,y),z = z2 (x, y) nhu thé nao?

C6 hai cach dé xac dinh : Dung hinh hoc hoic 1a dya vao biéu thic giai tich cua
mién V. M&i cach déu ¢ nhitng uu va nhugc diém riéng. Cach dung hinh hoc tuy
kho thuc hién hon nhung ¢6 uu diém 1a rat tryc quan, dé hiéu. Cach dung biéu thic
giai tich cua V tuy c6 thé ap dung cho nhiéu bai nhung thuong khé hiéu va phuc
tap. Chung t6i khuyén cac em sinh vién hdy cb ging thir cach vé& hinh'trudge. Mudn
lam dugc diéu nay, doi hoi cac ban sinh vién phai c6 ki ning vé cac mit cong co
ban trong khéng gian nhu mit phang, mat try, mat nén, mat cau, ellipsoit,
paraboloit, hyperboloit 1 tang, .... hon nita cac ban can c6 tri tudng tuong tot dé
hinh dung ra su giao cat cia cac mat.

Ch y:
Ciing giéng nhu khi tinh tich phan kép, viéc nhan xét dugc tinh d6i xing cua
mién V va tinh chin Ié cta ham lay tich phan f(x, y,Z) doi khi gitip sinh vién

giam duoc khdi lwong tinh toan dang keé.

Dinh 1y 2.5
Néu V 1a mién d6i ximg qua mat phang z=0(Oxy) va f(X,y,z)la ham 1¢ doi
VGOl Z thi:
_m f(x,y,z)dxdydz=0
v
Dinh 1y 2.6

Néu V:la mién doi xing qua mat phang z=0(Oxy)va f(x,y,z)1a ham s6 chin
d6i véi z'thi :

m f (x,y,z)dxdydz = ZJ-.U f (x,y,z)dxdydz

trong d6 V' 1a phan phia trén mat phang z=0 cua V.
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Tat nhién chung ta c6 thé thay d6i vai trd cua z trong hai dinh 1y trén bang x
hodc y . Hai dinh 1y trén c6 thé dugc chirng minh d& dang bang phuong phap doi
bién so.

Vi du 2.01.8.Tinh m zdxdydz trong d6 mién V duge xéac dinh bai :
\%

OSXSi
4

X<y <2X

0<z<J1-x*—y°

Lot giai :

] it : :

4 2X —X"=y 4 2x1 4 43
'c[ X-)[dy J‘ ZdZ=_([dX'[E(1—X2—y ‘([(X—— 3) _307

Vi du 2.01.9.Tinh J‘”(x2 + yz)dxdydz trong d6 mién V dugc xac dinh boi :
\%

X +y 427 =1 :
x> +y* —2%=0

Lot gial :
Do tinh chat  doi xang
Iﬂ(xz + yz)dxdydz
\Y
= Zm‘(x2 + yz)dzdydz =2I
Vi

, trong do V, la nura phia trén mat

phang Oxy caa V. Ta ¢6
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Vi Yy <2< 1-x2 -y

1
D:x*+y?<=
y 2

v6i D 1a hinh chiéu ctia V, 1én Oxy. Ta c6 :

Ji-y?
l, :J.J'x2 + y?dxdy dz =.U(x2 + yz)(\/l—x2 —y° —\/x2 +y? )dxdy
D iyl D
0<p<2r
5 X =TrCcos¢ X
Dat {—rsin :J:r’<0<r<i nén
y= % = _\/E
1 1
2 i 2 2r 8-52
_ 3 2 _ 3 2 _ _r
Il_!.r (\/1 r r)dr!dgp 272'_([[' (\/1 r r)dr =
Vay
|47 852
512

2.3. Phwong phap doi bién sé trong'tich phéan bdi ba
Phép d6i bién s tong quat
Phép d6i bién sd tong quat thuong duoc sir dung trong trudng hop mién V 1a
giaosctia ba ho mit cong. Gia st can tinh I:mf(x, y,z)dxdydz trong dé
\%

f (x,y,z)\lién tuetrén V. Thyc hién phép doi bién s

x=x(u,v,w)

y=y(u,v,w)
z=1(u,v,w)

thoa man :
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e 2Z,Y,Z cung V&i cac dao ham riéng ctia nd 1a cac ham so6 lién tuc

trén mién déng V,  caa mat phang O, .
e (CoOng thtrc (2.2) xac dinh song anh V,,, >V

J ZM;tO trong V,,, . Khi do
D(u,v,w)

I :m.f(x,y,z)dxdydz

:\'['” f[x(u,v,w),y(u,v,w),z(u,v,w)]|J|dudvdw

Ciing gidng nhu phép ddi bién trong tich phan kép, phép.doi bién trong tich phan
boi ba ciing bién bién ctia mién V thanh bién ctia mién V, , bién mién V bi chin
thanh mién V, , bi chan.

X+y+2z=13
Vi du 2.01.10.Tinh thé tich mién'V.gii han boi {x+2y—-z=+1
Z+4y+72=%2

biét V = j j j dzdydz
\Y

Loi gidi :
U=X+Yy+z
Thuc hién phép déibién{v=x+2y—z . Viphép doi bién bién ciia V thanh bién
W=Xx+4y+z

=1

w

w==2
> 1 1 1
J1t= (U’V’W):l 2 — :6:>V:£” dudvdw =8
D(x,y,2) L4 1 63"
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Phép doi bién sé trong tea dé tru
Khi mién V c6 bién 13 cac mit nhu mat phang paraboloit, mat noén, mit tru va cé
hinh chiéu D 1a Oxy 1a hinh tron, hodc ham lay tich phan f (X,y,z) c6 chua biéu
thac (X2 + y2) thi ta hay st dung cong thic d6i bién trong hé toa do cuc cua diém
M' 13 hinh chiéu cua diém M 1én Oxy.
Cong thirc d6i bién
X =TI COS ¢
y=rsing

1=1

Pinh thirc Jacobian ctia phép bién doi 1a

;- D(x,y,z) .
D(r,p,2)
ta co :
I :Iﬂf(x,y,z)dxdydz
v
:m' f (rcose, rsing, z)rdrdgdz
v,
Néu mign'V/.:
(x,y)eD
{zl(x, y)<z2<27,(X,Y)
trong.d6 D:
{col P<9,
L(e)<r<r,(p)
thi :
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?, (o) z,(rcosg,rsing)
| =Id¢ j rdr j f(rcose,rsing,z)dz
?

n(p) z(rcosg,rsing)

Vi du 2.01.11 Tinh [[[(x?+y?)dxdydz . trong 6 V; Xyl
v , l1<z<2

o

1%
| . :
[ | T i
A
.‘L‘/
Loi gidi :
X =T COoS@ 0s¢p<2r
bat <y=rsing thi 0<r<1 .Taco
2 1 2 37[
| = | dp|rPdr|zdz=..== .
[dhjrofas.S ﬁ

Vi du 2.01.12.Tinh j j j 2,Jx% + y2dxdydz , trong dé
\

a) V 1a mién gigi han bai mat tru : x* + y? =2x va

cac mat phang z=0,z=a(a>0) .
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b) V lanwa ciahinh cau x* +y* +2z°<a’,z>0(a>0)

Lot giai :
X =TrCOSQ
a) bat <y=rsing .Tu xX*+y*>=2x suyra r=2cos¢ . Do d6
2=1
( T T
_T<p<t
2- 7773
0<r<2cos¢e
0<z<a
Vay
% 2cos ¢ a 2
16a
l=1|d rédr|zdz=..=——
Joo Franfis.
2
b)
X = I COSQ
bt y=rsing ,
Z=12
0<p<L2r
taco 0<r<a Vay :
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I t,at-r?  27a°
I:£d¢£r2dr£zdz:2ﬁ£r2. 5 dr = I

Vidu 2.01.13.Tinh | = j j j ydxdydz , trong d6 V giéi han boi : {
\%

Lot giai :
X =TrCcos¢@ O<op<2n
bat <y=rsing ,taco<0<r<h " .Vay
2=1 r<y<h
2z h h h 2 2 4
h=r zh
| = | de|rdr|ydy =27z|r. dr =
| Solrorlor =2 =

Vi du 2.01.14.Tinh | = j j j JX + y2dxdydz trong d6 V
\Y
gioi han bai

X2+y2:zz
z=1

Loi giai :

y:
y=nh

z

2

+ X

2
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X =TrCcos¢ 0<@p<2n
bat y=rsing taco<0<r<1 .Vay
71=12 r<z<1

| = Td@jrzdrjdz = 27Z'j.r2(1— r)dr _Z
0 0 r 0 6

X* +y*<1
7| <1

Vi du 2.01.15. Tinh | J [ y dxdydz , trong d6 V :{

X +y2+(z—2)2

z

/v

+

Lot giai :
X =TrC0S¢@ 0<@p<2x
bat Jy=rsing ={J|=r\V,,:10<r<1  taco:
2'=2-2 -3<z7'<-1
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2z 1 -1 dz:
| = £d¢£rdr£ﬁ
: . —\|z2'=-1
:n.([rln(z +Nr?+z2 2) Z|:_3dr
=27z{1[rln(\/r2 +1—1)dr —j.rln(\/r2 +9 —B)dr}
0 0
=27 (1,—1,)

Vi Iirrolrln(\/r2+1—1):lirr01rln( r2+9—3):o nén thue chit 1,1, 1a cac tich

phan xac dinh.
Pat Vr2+1=t=rdr =tdt , ta c6

J'rln r? +1—1)dr

= [tin(t=1)dt

2 2
:t—ln(t—l)—1 g

2 2711

2 2
_t _1In(t—1)—tz—£+c

2 2
! _9|n(t—3)—t——§+c nén
4 2

2 2
|Z{t ‘9|n(t_3)_‘_ﬂw1_°
2 4 2

3

Tuong ty, |, =
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Vay

J2-1
| :27z(ll—Iz)zﬂ[ln@_3+3@—8—ﬁj

Phép doi bién trong tea d6 ciu
Trong trudng hop mién V ¢6 dang hinh cau , chom cau , muai ¢au,... va khi ham
|ay tich phan f(X,y,z) c6 chira bieu thuc (X2 +yi 4 22) thi ta hay strdung phép
ddi bién trong toa do cau.

Toa do cau cia diém M (X, Y, Z) trong khong gian.1a bo ba (I‘,H,(o) , trong do :
r= ‘O—M‘

Hz(W,Oz)

Q= (OM ',OX)

Cong thiic cua phép doi bién 1a :

X-=rsin@cos

y =rsingsing
Z=rcosé
D(x,y,2)

binh thac Jacobian J = =—r?sin@ ,tacod:

D(r.,0,9)
m f(x,Y,z)dxdydz

:m' f (rsin@cose,rsinfsing, rcos@)rzsin odrdod e

Vr (]

bgc biét, néu V,,,, :
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thi :

2 n(0.0) n(0.9)
I=Id¢ j sindd@ I f (rsin@cosg,rsindsing,rcos@)rdr

o r(6.9) r(60.9)

1<x34+y* +2°<4

Vi du 2.01.16. Tinh jﬂ(x2 +y? +2°)dxdydz , trong d6 V :{XZ by g

Lot gial :
X =rsin@cose

Piat Jy=rsingdsing . Do 1<x*+y*+2z°<4 nén 1<r<2 , trén mit noén co
Z=1rcosd

phuong trinh 'x* + y* = z° nén :% . Vay
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0<@p<2r
0<o<Z
4
1<r<?2
nén
e 32 2R 43w, 2
I :Zjd¢IS|n0d0jr2r2dr =2.27(—cos0)|4.—| = 1=
)= ) o 55 2

Vidu 2.01.17. Tinh J.”«/xz +y® + z%dxdydz , trong 36 Vx> +y* +2° <7
\%

Loi gidi :
X.=rsingcos
Pit y =rsin@sing . Nhin hinh vé tathdy 0<¢p< Zn,OSQS%
Z=rcoséd

Do x* +y*+z°<z nén 0<r<cosé .Vay

T

cosé
T

2
sinedej rrzdr:ZﬁjsinH.lcos“HdH:—
0 5 4 10

Oty

2z
I:J.d(p
0
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Phép ddi bién trong tea dé cau suy rong.

Tuong ty nhu khi tinh tich phan kép , khi mién V c¢6 dang hinh ellipsoit hoic
hinh ciu ¢ tim khong nim trén cac truc toa do thi ta s& sir dung phép doi bién sb
trong toa do cau suy rong. Khi dé ta phai tinh lai Jacobian cta phép doi bién.

1. Néu mién V c6 dang hinh ellipsoit hodc hinh cau c6 tdm khong nim
trén céac truc toa do nén nghi t6i phép bién sd trong toa do cau suy
rong.

, X2 yZ 22 , )

2. NeuV:—+ oF +— =1 thi thyc hién phép doi bien

a c

X =arsindcose

y =brsinésing,J = —abcr’siné
Z=Crcoso

Néu V: (x—a)’ +(y—b) =(z—c)"=R? thithuc hién phép ddi bién
X =a+ rsin@cos ¢

y=b+rsin@sing,d =-r’sing
Z=C+rcoséd

3. Xac dinh mién bién thiéncta r,6,¢

4. Dung cong thire doi bién téng quat dé hoan tat viéc doi bién.

Vi du 2.01.18. Tinh j j j 24/x*+ y?dxdydz , trong dé V 1a nira cia khéi ellipsoit
V

2 2 2

X ;y +%£1,220,(a,b>0)

Loi gidi -
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X =arsindcos ¢
L X, Y,Z :
y=arsingsing = J =M=a2brzsln9
§ D(r.6,9)
bat Z=Dbrcosé

V.., ={OS(pS2ﬁ,OS%,OS rﬂ}
Vay

- 2 27ra’h?

2z %
| = Idgoj'dejbrcose.arsin H.azbsin0=2a3b2njo
0 0 0

1
”cos@sin%d@jr“dr =
0

2 2 2
Vi du 2.01.19. Tinh [ (X—2+§+Z—2]dxdydz , trong d6
sla c

_XZ y2 Z2
Y, .¥+F+C—2s1,(a,b,c>0)
Lot giai :

X =arsindcose 5
. 4 X, Y, Z ,
y=brsindsing=J =—y):abcr23|n¢9

Bat 1, _crcoso B(r.0.¢)

V., ={02¢<27,0<0<7,0<r<1}

A

Vay

2 V4 1
| = ach' d¢jd9jr2rzsin9:4€abc
0 0 0
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§3. Cac irng dung cua tich phan boi

3.1. Tinh dién tich hinh phing

Cong thic tong quat :

S :”dxdy
D
y=2"
Vi du 2.01.20. Tinh dién tich ctia mién D giéi han boi {4 =2
y=4
y=2

Loi giai :
Nhan xét :
—2<x<0 0<x<2
D=D,UD,,D, D,
27<y<4 2°<y<4

S :ﬂdxdy:gdxdy+jjdxdy: 2gdxdy=...= 2(8—%)

D,
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, s B y2 =X, y? =2x
Vidu 2.01.21. Tinh dién tich cua mien D gidi han bai:
X2 — y,X2 — 2y
3 y=x> A=
2x = 1?
x =y
O X

Lot giai :

Tacod S= j j dxdu . Thuc hién phép dbi bién
D

2
u=>
X {l_u 2
2:>Duv:
X 1<v<?2
V="—
y
_y2 ﬂ
2
thi g Bluv) X x|
DOxy)_j2x =X
2
1 1
Va S= || =dudw==
ay ys .

Vi du 2.01.22. Tinh dién tich cua mién D gidi han béi:
X° + Y2 =2x, x>+ y* = 4x
Xx=Yy,y=0

Link: http://www.moon.vn/KhoaHoc/DeCuong/2075/1010/7 63




TLTK: LT - TOAN CAO CAP A3 - GIAI TICH 2 (NAM HQC 2017 -2018)
GIANG VIEN: TS. NGUYEN PUC TRUNG

y
y=x
O 2 - X
Loi gidi :
Ta co
X = I COS O<op<Z
S = [[dxdy ., dat { Pl il o nén
D y=rsing 2c0sp<r<4
@ <r<4cosg
% 4cos g % 7Z' 3
S=|de | rdr=={12cost@pdp=—"—+=
! Z&Lga ! qD 90 4' 2

Vi du 2.01.23. Tinh dién tich cua mién D gigi-han boi:

y:O,y2=4x ]
x+y=3a,y<0(a>0)

Loi giai :

—-6a<y<0
Nhin hinh,v& tathay D:1 y?2 nén

—<x<3a-y
4a
3a-y

S= ”dxdy .[ dy .[ dx = I (Ba y—y—jdy 18a’

—6a —6a

4a
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Vi du 2.01.24. Tinh dién tich ctia mién D gigi han boi duong tron

r=1r= 2 Cos¢Q .

B
O

Giao tai giao diém cua 2 duong tron:

Léi gidi -

2
r :1:—COS(p<::>gD:-|rZ

J3 6

Vi du 2.01.25. Tinh dién tich ctia mién D gigi han boi duong

(x2 + y2)2 =2a’xy(a>0)

y
r=a,/sin2¢
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Loi giai :
X=rCcos¢g
y=rsing

tuong truong véi r’ =a’sin2¢. Khao sat va vé duong cong di cho trong hé toa
doc cuc . Taco

Tham s hoa dudng cong da cho , dit { , phuong trinh duong cong

OSgDSZ,ﬂ'SgDSs—”

D: 2 2
0<r< a,‘/sin 2¢
Do tinh di xtng cia hinh v& nén

d(p J,Zco 2
0

S=2 rdr:J'azsinZ(pd(p:a2
0

O e N | N

Vi du 2.01.26. Tinh dién tich cia mién D giéihan boi duong

x° + y*=axy(a>0)

=
%Z ! =
R = =

TCX:y=—-x—1%
Loi gidi -
X =TrCcosg

. , phuong trinh duong cong
y=rsing

Tham s6 héa duong cong di cho, dat {

tuong duong voi
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asinpcos e
sin® @ +cos® o

Khao sat va v& duong cong da cho trong hé toa do cuc . Taco :

0<p<Z
D: 2

0<r< asinpcosp

sin’ @ +cos®

asin@cos e
sin® p+cos® ¢ 2

: 2
S:_[dgo j rdr:?j
0 0

0

sin” pcos’ ¢ do a_yf
sin® o + cos gz)) 234

Vi du 2.01.27. Tinh dién tich ctia mién D giéi han béi duong
r=a(l+cosg)(a>0)

i

S

Loi gidi :
Taco:

D={0<p<27,0<r<a(l+cosp)}

S= Zjdgo(lTswrdr_a j 1+COS(0) do= .=%
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3.2. Tinh thé tich vat thé

Cong thuc tong quat
V= j j j dxdydz
Vv

Cac trwong hop dac biét :

1. Vat thé hinh try, mat xung quanh 13 mat
tru c6 duong kinh sinh song song véi truc
Oz, day 1a mién D trong mat phang Oxy,
phia trén gioi han boi mat cong
z="f (X, y), f (X, y)ZO va lién tuc trén D

thi :
V= [ fxy)dxdy :
D

- z= f(xy)

a

/

2. Vat thé 1a khdi tru , gioi han bai cac duong sinh song song voéi truc Oz, hai

mat z=2z,(X,y),z=2,(x,y) . Chiéu
cac mit nay-1én mit phang Oxy ta
dugc mien D, z,(x,¥),z,(X,y) 1a

cac ham lién tuc , c6 dao ham riéng
lién tuc trén D. Khi do :

V= [ 121 (x,y) =22 (x,y) |dxdy
D

z= f(x,y)

2 = g(x,y)

¥

3X+y=>1
Vi du 2.01.28. Tinh dién tich mién gigi han boi {3x +2y <2
y>0,0<z<1-x-y
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-

Lot gidi
2-2y
13 11 1
V:I f(x,y)dxdyzjdy I (1—x—y)dx:g'[(l—2y+yz)dy:E
D 0 1y 0
3

2=4-x* -y’

Vi du 2.01.29. Tinh thé tich mién V gi&i han boi
22=2+X"+V?
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Loi gidi :
: X +y>=2 , :
Giao tuyen caa hai mat cong { , nén hinh chiéu cua V 1én mat phang
\ 2 2 N~ A \ 2 2 2+ X+ y2 A ,
Oxyla D:x"+y“<2 .Honnfra trén D thi 4 —x" -y >——=— nén ta co:

2+ X%+ y?
v ff{ax -y 2L oy

X =TrCO0S 0<@p<2r
Dét{ ¢ {

thi ,
y=rsing 0<r<+2

do do

2r ﬁ 3
V=|d 3——r2jrdr:...:37z
foo][s-3

0<z<1=x*=y’

y> X, Y.< /3X

I

Vi du 2.01.30. Tinh thé tich cua V {

Loi giai :

Do XSyS\/§X nén X,y>0 .Taco
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V =g(1— — yz)dxdy

X =T CO0S
Pit { PP hila
y=rsing 0

X* +y? + 127 <4a’

Vi du 2.01.31. Tinh thé tich cua V
X’ +y?—2ay<0

x L)
Loi gidi :
Do tinh chat d6i x@tng caa mién V nén

\; :4”\/’4a2 —x* — y?dxdy

X +y’>—2ay<0

trong do D 1a ntra hinh tron D: {
x>0

T
X =1TCO0S O0<p<—
Dat{ P IN=9

) 2
y=rsi¢ lo<r<2asing
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Vay

2asing

V:4J2.d(0 I J4a? —r?rdr
0

3

~122
- 4.7£§(4a2 -~ rz)2

r=2asing

r=0 do

z=0
, ; X2 yz
Vi du 2.01.32. Tinh thé tich cia mien V.giéi han'béi 3 z = — + o7
a
2 2
X y_
la® b’

-

8]

Il
W

Loi gidi :
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2 2

Ta c6 hinh chiéu cia V 1én mat phang Oxy 1a mién D: X—2 + é = 2X . Do tinh chat
a
dbi xtng cua mién V nén :
Xy
2 2
trong d6 D™ 1a nira ellipse D*.X—2+§:ﬁ,y20
a
X =arcos 0<p<Z
Dit { T J|=abr, =925 . Vay
y=brsing 0<r<2cose
% 2cos ¢ , 372_
V=2|d reedr=..=—
o ] o=
az=x"+y°

Vi du 2.01.33. Tinh thé tich ¢ua mién \V

z=X*+Y’

Loi gidi :

Giao tuyén cua hai duong cong :
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2 2 2 2 .2

X"+ X"+ =a
2 2 y — y
Z=a

Vay 14 hinh chiéu cua V 1én mat phang Oxy 1a
D:x*+y’=a’

Nhén xét rang , ¢ trong mién D thi mit nén ¢ phia trén mét paraboloit nén :

o
D

a

X=TCO0S 0<p<?2
Bat{ (pthi{ P27 \ay

y=rsing 0<r<a

2z a r2 72'3.3
V= .([ d(p}[(l’ —;jrdr ==

GT2 02 06.03 Tinh dién tich mat cong

Mat z=f(Xx, i61 han bséi mot
' (x¥) i 2 = f(x,y)

duong cong kin, hinh chiéu ciia mét cong

1én mat phang Oxy 1a D. f (X, y) la ham :@
s6 lién tuc , €6 cac dao ham riéng lién tuc
trén D. Khi d6 :

0'2”«/1+ p’+q’dxdy, p=f,,q=f,
D
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Chwong 3: Tich phan duong
§1. Tich phan duong loai I
1.1. Dinh nghia

Cho ham s6 f (X,y) x4c dinh trén mot cung phang AB . Chia cing AB thanh n
cung nho, goi tén va do dai ctia chung lan luot 1a Ag A, Ag . Trén mdi cung
A, lay mot diém M, bat ki. Gidi han, néu c6 , cia tong D" f (M, )A, khi'n— oo

i=1
sao cho maxAg — 0 khong phu thudc vao cach.chia cung' AB va céch chon cac

diém M, dugc goi 1a tich phan duong loai | cua ham s6 f(x,y) doc theo cung

AB. ki higula [ f(x,y)ds .

AB
Chay:
e Tich phan duong loai I khong phu thudc vao hudng caa cung
AB.
e NEu cung AB c6 khoi lugng riéng tai M (X,y) 1a p(x,y) thi

khoi lugng cia no 1a I p(X,y)ds néu tich phan d6 ton tai.
AB

e Chicu dai cua cung AB duoc tinh theo cong thuc | = j ds
AB

e Tich phan duong loai mot ¢b cac tinh chat gidng nhu tich phan
xac dinh

1.2. Cac cong thirc tinh tich phan duwong loai I

1. Néu cung AB cho béi phuong trinh y=y(x),a<x<b thi:

Link: http://www.moon.vn/KhoaHoc/DeCuong/2075/1010/7 75




TLTK: LT — TOAN CAO CAP A3 - GIAI TiCH 2 (NAM HQC 2017 -2018)
GIANG VIEN: TS. NGUYEN PUC TRUNG

j f(xy)ds =;f f (% y(x))y1+y?(x)dx.

AB

2. Néu cung AB cho boi phuong trinh x=x(y),c<y<d thi:

j f(xy)ds =j f(x(y),y)y1+x2(y)dy.

AB

3. Néu cung AB cho béi phuong trinh x=x(t) ,y =y(t),t; St<t, thi :

ty

jf(x y)ds= _[ \/x

AB 7]

4. Néu cung AB cho boi phuong trinh trong toa do cuc r= r(go),(al <p<o,
thi coi né nhu 1a phuong trinh duéi dang tham'sé , ta duoc :

ds = \/r dgo va

P

j f(x,y)ds:j f (r((p)COSgo,r(gp)sin(p)\/rz((p)+r'z(go)dgo

AB &

Vidu2.03.1 Tinh [(x—y)ds , Claduwtng tron c6 phudng trinh X + y* = 2x
Loi gidi:

Dit

X =1+ cost
{ 0<t<2n

y=sint
oy s

| = j(1+ cost—sint)\/’(—sint)2 +cos?tdt =2

0

x=a(t—sint)

Vidu 2.03.2. Tinh Iyzds , C la duong tron cong { ,0<t<27r,a>0
C

y =a(1-cost)

Loi giai :
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() +y2(t) = 2asin%

2r 3
== _[a (1-cost)’ 2asin Lt = 2202
2 15

Vi du 2.03.3. Tinh | JX* +y2ds , C 1a duong
C

{x—a(cost+tsint) 0<t<s .
0<t<2r,a>

y =a(sint—tcost)

Loi gidi -

x'(t) =atcost
{ ( :>\/x =at
y'(t)=atsint

3

=N :.[\/a2 |:(COSt+Sint)2 +(sint—tcost)2}atdt :%( (1+ 47z2)3 —1)
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§2. Tich phan duwdng loai I1

2.1. Dinh nghia
Cho hai ham s6 P(X, y),Q(x, y) xac dinh trén cung AB. Chia cung AB thanh n
cung nhé A boi cac diém chia A=A A,A,,..A =B . Goi toa.d cua vectow

ALA =(Ax,Ay;) va ldy diém M, bat ki trén mdi cung As, . Gidi han, néu co, clia
tong Z[P A% +Q(M,)Ay, | sao cho maxAx, — 0, khéng phu thugc vao

cach chia cung AB va cach chon cac diém M. dugcC goi la tich phan dwong loai Il
clia cac ham sd P(X, y),Q(X, y) doc theo cung AB, ki hi¢ula :
j P(x,y)dx+Q(x,y)dy

AB
Chuy:
e Tich phan duong loai Il phu thudc vao hudng cua cung AB,
néu doi chiéu trén duong lay tich phan do6i dau,

j P(xy)dx+Q(x,y)dy :—I P(x y)dx+Q(x,y)dy

AB BA

e Tich phan duong loai hai c6 céac tinh chat gidng nhu tich phan
xac dinh.

2.2..Cac cong thirc tinh tich phan dwong loai I1
1.'"Néu cung AB duoc cho béi phuong trinh y=y(x) , diém dau va diém

cudi tng voi'x=a,Xx=b thi :

b

j Pdx + Qdy :jP(x, y(x)+Q(x, y(x)).y'(x))dx

a
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2. Néu cung AB dugc cho bsi phuong trinh x=X(y) , diém dau va diém

cudi ung véi y=x,y=d thi:
J. de+Qdy=I[P(x(y).x‘(y))]dy,y+Q(x(y),y)

: X=X(t . 5 .
3. Néu cung AB duogc cho boi phuong trinh { (t) , diém dau va diem
y=y

cudi twong tng véi t =t,,t =t, thi

Vi du 2.03.4. Tinh J‘(Xz —2xy)dx+(2xy— yz)dy , trong d6 AB la cung parabol

AB
y=x* tr A(11) dén B(2,4)
Lot giai :

Ap dung cong thirc (5) ta cd

I :j[(xz —2x‘°’)+(2x3 —x“)2x]dx:—ﬂ

Vi du 2.03.5. Tinh J(xz — 2xy)dx + (2xy - yz)dy , trong d6 C 1a duong cong
C

theo chiéu tang ciat, 0<t<2z,a>0

{x:a(t—sint)

y =a(1=cost)
Lai gidi -

oo {x'(t)za(l—cost)
y'(t) =asint

nén:
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= 2f{[Za(t —sint)—a(1-cost) Ja(1-cost)+a(t —sint)asint}dt

2r
=a’ [[(2t-2)+sin2t+(t-2)sint - (2t - 2)cost |dt
0

= aZT[(Zt —2)+tsint —2tcost]dt
0

= a? (47[2 - 67[)

Vi du 2.03.6. Tinh j 2(x*+y?)dx+x(4y+3)dy & d6 ABCA\la dusng gép

ABCA

khic di qua A(0,0),B(11),C(0,2)

Loi giai :
Taco:
e Phuong trinh duong thang AB: x=y
e Phuong trinh duong thang BC:x=2-y

e Phuong trinh duong thang CA: x=0

nén : I:I...+I...+J...
AB BC CA

j[ (y2+y*)+y 4y+3]dy+j2[2 y)' + ¥ | (<1)+(2-y)(4y+3)dy +O0
3
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dx +dy
ABCDA |X| + |y|
A(1,0),B(0,1),C(-1,0),D(0,-1)

Vi_du 2.03.7. Tinh & d6 ABCDA la duong gip khic di qua

=

B

LN
4

D

Loi giai :
Taco:
AB:x+y=1=dx+dy=0
BC:.x—y=-1=dx=dy
CD:x+y=-1=dx+dy=0
DA:x-y=1=dx=dy
nén

Sfus for fue |

j 2dx

_O+Ix+y

:Ide+jde
0 0

=0
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x:tsin\/t_
4xP +y? 5
Vi du 2.03.8. Tinh ITdX +dy trong d6 'y =tcos</t theo chiéu tang cuat.
C 2
o<t<™

\

Loi gidi -
) x =u?sinu x'(u)=2usinu +.u*cosu
bat u=t=0<u<r, , = A
y=u’cosu |y'(u)=2ucosu—u*sinu

7
I :I[%(Zusinu +u2cosu)+ 2UCcosu —u?sin u}du

0
V4 u3
= I(— + 2ujcosudu
o\ 2
=_—37r2 +2
2

2.3. Cong thirc Green

Huéng duong ciia duong cong kin : Néu duong lay tich phan 1a duong cong kin
thi ta quy udc hudng duong ctia duong cong la huong sao cho mét nguoi di doc
theo duong cong theo hudng ay s& nhin thdy mién gigi han boi ndé ¢ gan phia minh
nhat nam vé phia bén trai.
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Gia st D R? 1a mién don lién, lién théng, bi chin véi bién gisi D 1a duong
cong kin v6i huéng dwong, hon nita P,Q cung cic dao ham riéng cap mot cia
ching lién tuc trén D . Khi do

Chu y:
e Néu D c6 hudng am thi :

.C[ Pdx + Qdy = —Q(Z—cj — %j dxdy

e Trong nhiéu bai toan, néu C 1a dudng cong khong kin, ta co thé
b6 sung C dé duoc duwdong cong kin va ap dung cong thuc
Green.

Vi du 2.03.9.Tinh céc tich phan sau I(Xy+x+ y)dx+(xy+x—y)dy bang hai
C

cach: tinh truc tiép , tinh nho cong thirc Green rdi so sanh cac két qua , véi C 1a
duong :

a) X +y> =R’

I
NV

Loi gidi :

Cach 1: Tinh tryc tiép

_. | x=Rcost
bit . =>0<tn
y = Rsint
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I =....
R3 2r
== j (costcos2t +sintcos2t)dt
0

=0
Céach 2: Sur dung cong thirc Green

=>-———-—=y-X

P(x,y)=xy+x+y 40Q P _
Q(x,y)=xy+x-y X 0oy

== ” (y—x)dxdy

x2+y2£R2

= H ydxdy — H xdxdy

x2+y2£R2 x2+y2£R2
=0
b) Xx*+y*=2x
y
Cach 1: Tinh tryc tiép m
Ta cé x2+y2=2x<:>(x—1)2+y2=1 nén DU x
. X =1+ cost
bat : 0<tL2r
y =sint

| = .[{[(1: cost)sint+1+ cost + sint](—sint) + [(1+ cost)sint +1+ cost —sint]cost}dt

:j(—ZSinzt +cos?t —costsint + cost —sint — costsin?t + cosztsint)dt

=—7

Cach 2: Sur dung cong thirc Green.
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P(X,y)=Xy+X
Ta et (X y)=xy+x+y _RQ_P_
Q(x,y):xy+x—y OX oy
s rcose —r
| = —X)dxdy , dat T cp<
= -[-[Z(y X)Xy’a{y—rsngZ Y=3
(x-1)"+y°<a
% 2cos @
I=Jd(p J (rsing—1—rcosg)rdr
- 0

Vidu 20310 Tinh | (y+ jdy y( Zjdx
X“+yc=2X

Loi gidi :
Ap dung cong thir¢ Green ta ¢o m
\_/

I(@—ﬁ—P)dxdy = .[(4xy+%x2 +%y2jdxdy :%_[[(:

D

vi I4xydxdy =0

X = I COS
bat { i ta co
y=rsing
%s(pg%,o r<2cose . Vay

85
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T

2cos , 35 . 9
do f r rdr:Z_J;4cos (ngﬂ

0 -

2
(xy+exsinx+x+ y)dx—(xy—e’y + X —sin y)dy

N | N

123
4

NI

Vidu 2.03.11. Tinh

x2+y2=2x

Lot giai :
P(X,y)=Xy+e*sinX + X+

Dat (xy)=xy _ PR Py x2
Q(x,y)=xy—e” +x=siny

Ap dung cong thirc Green ta 6 ;

I=ﬂ—y—x—2dxdy
D

£ ”—x — 2dxdy
D

”ydxdy:O

D

vi

X'=rC0S —
bit ] ¢:>—”S(DS£,OSFSZCOS(0
y=rsing 2 2

2cos ¢

=Td(p j (-rcosg—2)rdr
=
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Vi du 2.03.12. Tinh gS e*[(1—cosy)dx—(y-siny)dy ] trong 46 OABO la

OABO

dudng gap khuc 0(0,0),A(1,1),B(0,2)

y
B
1‘---IA
@) l
1 X
Loi gidi :
P(x,y)=¢e"(1-cos
bt (xy)=¢( _y) QP _
Q(x,y)=—€*(y—siny) ox oy

Ap dung cong thirc Green ta c6 :

| = ” —e*ydxdy
D

1 2—
:jdx _[ —e"ydy
™
:Ejex(4x—4)dx
0

=4-—2e

3
Vidu 2.03.13. Tinh Sﬁ(xy“ +X* + yCos xy)dx+£%+ Xy? — X + XC0S xy)dy

C
X =acost

trong d(’)C{ .
y =asint

(a>0)
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y
C—) I
Loi gidi -

P(x,y)=4xy*+ x?+ ycosx
(x,y)=4xy* +x* + ycosxy 50 o

bit W3 == =X+ y —4xy’=1
Q(x,y):§+xy2—x+xcosxy ox oy

Ap dung cong thirc Green ta c6 :
| = ” X* +y? —4xy® —1dxdy
D

= ” X* + y2=ldxdy
D

vi J' J' Axy*dxdy =0
D

5 X=TrCcosg
bat . =>0<p<27,0<ra
y=rsing

2.4. Ung dung ciia tich phan dwong loai II

Ap dung cong thitc Green cho ham s P(x, y),Q(x, y) thoa man @—@:1

ox oy

ta co :
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S(D)z”ldxdyzﬂ Pdx + Qdy
e Ly P(x,y)=0,Q(x,y)=x thi S(D):dey
e Ly P(X,y)=-y,Q(x,y)=0 thi S(D)= I—ydx

£ 1 1 .. 1
e Lay P(x,y):Ex,Q(x,y):Ey thi S(D):ijdy—ydx
oD

Vi du 2.03.14. Dung tich phan duong loai II, tinh dién tich ctia mién gigi han boi

. _|x=a(t—sint)
mot nhip xycloit va Ox(a>0)
y =a(1l-cost)
Iy 1
A
8] n 2T X

Lot giat :
Ap dung cong thirc

0
S(D):J'xdy= j xdy + j xdy:J‘a(t—sint)asintdt:Bﬂa2
oD

AmO OnA 2

2.5. Piéu kién dé lay tich phan dwong khong phu thudc dwong lay tich phan.
Gia su rang D 1a mién don lién, lién thong, P, Q cung véi cac dao ham riéng cap

mot ctia chiing lién tuc trén D . Khi d6 bén ménh dé sau la tuong duong:
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0Q oP

1. F v6i moi (x,y)eD

2. _[ Pdx +Qdy =0 véi moi duong cong déng kin L nam trong D.
L

3. j Pdx +Qdy =0 khong phu thude vao duong di tir A-dén B, véi moi
AB

duong cong AB nam trong D
4. Pdx+Qdy 1a vi phan toan phan. Nghia 12 ¢6 ham'sd u(x, y) sao cho
du = Pdx + Qdy. Ham u c6 thé duogc tim theo cong thue:

X y X y
u(x,y)= j P(X,Y,)dx+ IQ(X, y)dy = .f P(%y)dx + IQ(XO, y)dy
Xo Yo X0 Yo
Giai bai toan tinh tich phan duong khong phu thudc duong di:
1. Kiém tra dieu kién P',=Q", (1)

2. Néu dicu kién (1) duoc théa man va dudng lay tich phan 1a duong
cong kin thi | =0

3. Néu dieukién (1) duoc théa man va can tinh tich phan trén cung AB
khong dong thi ta chon duong tinh tich phan sao cho vi¢c tinh tich
phan 1a don gian nhat , thong thuong ta chon 1a dudng thang néi A va
B, hodc duong gap khic co cac canh song song véi cac truc toa do.
Mat khac, néu tim dwgc ham F sao cho du=Pdx+Qdy thi
| =u(B)=u(A).

(39)

Vi du 2.03.15. Tinh I (x4 +4xy3’)dx+(6x2y2 —5y4)dy
(-21)
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Lot giai :
Nhan xét rang (X4 +4xy3)'y =(6X2y2 —5y4)'X nén tich phan da cho khong phu
thudc vao duong di. Vay ta chon duong di la gap khiic ACB nhu hinh vé :
| = J Pdx + Qdy + _[ Pdx + Qdy. = 62
AC CB
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Chwong 4:Tich phan mat
§1. Tich phan mait loai I

1.1. Dinh nghia

Cho ham sé f (X, Y, Z) xac dinh trén mat cong S. Chia mat cong S thanh n mat
nho AS,,AS,,...,AS . Trén mdi AS, ldy mot diém M, bat ki. Giéi han,néu cé , cua

I<i<n

tong > f(M,)AS; khi n—oo va maxd(AS;)— 0 khong phu thudc vao céch chia
i=1

mat cong S va cach chon cac diém M. duoc goi la tich phan mat loai | cia ham sb

f (M) trén mat cong S, ki hiéu 1a :
Uf(x, y,z)dS
S

1.2 Cac cong thire tinh tich phan mat loai I

Gia str S 1a mit dugc cho/boi phuang trinh z2=2z(x,y),((x,y)e D <R?) hay la
hinh chiéu cua S 1én mit phang Oxy 1a D, & d6 Z(X, y) cung voi1 cac dao ham riéng
cua chuing lién tuc trén D. Khi d6

” f(xy,2)dS :” f(xy.z(x, y))\/l+(%j2 +(%j2dxdy

S

Vidu?2.04.1.

Tinh ”(z + 2X+ 4—3yjd8 trong do
S

X y z
S=:(x,y,2)/=+Z+=-=1x>0,y>0,z>0
{( y ) 2 3 4 y }

Loi giai :
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Ta c6 hinh chiéu caa mat S 1én miat phang Oxy 14 :

D:{(x,y)/§+%31,x20,yZO}:{(x,y)IOSxsZ,Os ysS(l—gj}

p=z,=
Mat khac z:4(1—§—l):> 4 :>dS_«/1+ p® + g’ dxdy ==— dxdy

nén :

X

I_ﬂ{ (1————) 2x+43y}\/3_d dy =4~ jdxjdy 4./61
Vi du 2.04.2. Tinh j j (x*+y?)ds trong do
S

S={(x,y,z)/z=zz+y2,032£1}

Loi gidi :

Ta c6 hinh chiéu cau mit cong 1én mat phang Oxy 1a D = {(X y)/ x*+y? Sl}
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=7 =2X
Miat khac, z=x*+y* = P ¥ nén
q=z,=2y

I =H(x2 + yz)\fl+ AX* + 4y? dxdy

D

X =TrCO0S
Pit { PP L0<p<2r0<r<1
y=rsing

2 1

| = jd¢jr2\/1+4r rdr == jr V1+4r?rdr

0 0

:zjt 1fdt_—(20*/_ 4)
4

4 3 15

1
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2. Tich phan mat loai 11

2.1. Dinh huwdéng mat cong
Cho mat cong S trong khéng gian. Tai mdi diém M chinh quy ctia mat cong S ¢6
hai vectow phap tuyén don vi 1a nva-n.

e Néu c6 thé chon duoc tai mdi diém M cua mat mot veeto phap tuyén
donv i n sao cho vecto n bién thién lién tuc trén.S thi ta n6i'mat S dinh
huong dugc. Khi dé ta chon mot hudng lam huong duong thi hudéng
con lai duoc goi la huéng am.

e Nguoc lai, thi mat S goi la khong-dinh hudng dugc. Vi du nhu 14
Mobius.

2.2. Pinh nghia tich phan mat loai 11
Cho mét mét cong dinh huéng S‘trong:mién. V'c R® va n=(cosa,cos 3,cosy)
1a vecto phap tuyén don vi theo-huéng dureng duoc chon cua S tai diém M (X, Y, z)
. Gia truong vecto F(M)=(P(M),Q(M),R(M)) bién thién lién tyc trén V,
nghia la céc toa do P(M ),Q(M ), R(M ) ctia né 13 nhitng ham sé lién tuc trén V.
Chia mat S thanh'n mit cong nhé;.goi tén va ca dién tich cua chung 1an luot 1a
AS,,AS,,...,AS . Trén mdi AS, lay mot diém M, bat ki va goi vecto phap tuyén

don vi theo huéng duwong da chon cia n6 1a n, =(cose;,cos 3,c0sy; ). Gidi han,
néu.cé., ciia tong Y| P(M;)cosa; +Q(M;)cos 3 +R(M, )cosy, ]AS, duoc goi la

tich phan.mat loal Il ctia cac ham 0 P(X, y,z),Q(X, Y, Z), R(X, y,Z) trén mat S, va

duoc ki hiéu la :

”P(x, y,z)dydz + Q(x,y, z)dzdx + R(x, y,z)dxdy

2.3. Cac cong thirc tinh tich phan mat loai 11

Giasu:
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| = j j Pdydz + ” Qdzdx + H Rdxdy

Nguoi ta tinh tich phan mit loai Il bang cach dua vé tich phan kép. Chang han
xét tich phan 1, . Gia st mat S c6 phuong trinh z = Z(X, y),Z(X, y) cung vdi cac
dao ham riéng cua ching lién tuc trén mién D 1a hinh chiéu cta S.1én mat phang
Oxy. Khi do :

e Néu vecto phap tuyén don vi theo huéng duong n-tao véi Oz mot g6c
nhon thi
ﬂ Rdxdy :.[J.R(x, y,Z(,y))dxdy

S D
e Néu vecto phap tuyén don vi theo huéng duong n tao véi Oz mot goc
tu thi
” Rdxdy:—”R(x, y, Z(x, y))dxdy
D

S

Tuong tu nhu vay chung ta c6'thé dua 1, vé tich phan kép

Vi du 2.04.3. Tinh j j 2(x* +y*)dxdy trong d6 S la nira mt cau
S

X2 +y®+122=1220 , huoéng cua Slaphia ngoai mat cau

Loi giai :

Ta cé mit z=+/1—x2—y? , hinh chiéu cta S 1én mat phing Oxy la mién
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D:x*+y* <1, honnita n tao véi Oz mot gbc nhon nén:

I :”«/1— x* —y? (x2 + yz)dxdy
D

5 X=rCcosg
dat . =>0<p<27,0<r<1
y=rsing

:ngoj»\/l—rzﬁdr
0 0

_4r
15

Vi du 2.04.4. Tinh j j z(x* + y* ) dxdy
S

-k

trong d6 S 1a ntra mat cau

Tr’{:r,y,:}

x> +y*+2z°=1,2z>0 , huéng cua S 1a phia

ngoai mat cau

Loi gidi :

Tinh I, = H ydxdz
S

o Mit S:y=2J1<x*-7°

e Hinh chiéu caa S 1én Oxz 1a hinh % hinh tron ,
D, :x*+2°<1,x>0,2>0

e =n,0y la gbc nhon.

nén:

| = J.J.lel— x* — z%dxdz
Dy
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X=1TCO0S
dat { PP So0<p<Zo<r<i
Z=rsing 2

e [ Y

1
d¢j2\/1—r2rdr
0

wly °

Tinh I, = szdxdy
S

2

o Mit 5;22:1_)(2_%

2
. HinhchiéucﬁaSIénOleé%elip, Dz:x2+y7£1,x20,y20

o y= nOz 1a gbc nhon.

I :JI;J;l— G —y{dxdy

X=TCO0S
dt { ¢

7 >0<Z 0<r<1d=-2r
y.=2rsing 2

Il
e [N

dgp_l[(l— r?)2rdr
0

NG

2.4. Cong thire Ostrogradsky, Stokes

Gia st P, Q, R 1a cac ham kha vi , lién tuc trén mién bi chin, do dugc trong
V < R®. V giéi han bdi mit cong kin S tron hay tron tirng méanh khi dé :
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.[ _[ Pdydz + Qdzdx + Rdxdy = I ”(aP 23 P )dxdydz

trong d6 tich phan & vé trai liy theo hudng phap tuyén ngoai.

Chuy
o Néu tich phan & Vé trai 14y theo hudng phap tuyén trong thi

j [ Pdydz + Qdzelx + Relxdy = - j ] [ i L jdxdydz

e Néu mit cong S khong kin, c6 thé bo sung thanh-mat cong S' kin dé ap dung
cong thirc Ostrogradsky, roi trir di phan b6 sung.

Vi du 2.04.6. Tinh ” xdydz + ydzdx + zdxdy ‘trong d6 S phia ngoai ctia mat cau
S

X +y*+z°=a’

]

T?{x,y,:j

X

Link: http://www.moon.vn/KhoaHoc/DeCuong/2075/1010/7 99




TLTK: LT - TOAN CAO CAP A3 - GIAI TICH 2 (NAM HQC 2017 -2018)
GIANG VIEN: TS. NGUYEN PUC TRUNG

Loi giai :
Ap dung cong thirc Ostrogradsky ta co
j j xdydz + ydzdx + zdxdy = Hj 3dxdydz =3V = 4ra’
S \Y,

Vi du 2.04.7. Tinh H x*dydz + ydzdx + z°dxdy trong dso S la phia ngoai ctia mat
S
cau  x*+y*+72=R?
Loi gidi :
Xem hinh v€ 5.6 , &p dung cong thirc Ostrogradskyta co :
I :JIIS(XZ +y* 4+ zz)dxdydz
\%
X=rsin@cos¢e 0<@p<2n
dit {y=rsindsing ={0<0<x ;J=-r’siné
Z=rcoséd 0<r<R
2z Vg R
I :BI d¢jd0jr4sin gdr
0 0 0

B 127R°
5

Vi du 2.04.8. Tinh _[ _[ y’zdxdy + xzdydz + x*ydxdz trong d6 S 1a phia ngoai cua
S

mién X<0,y<0,x’ +y><1z<x? +y?
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]

B Sr——
.1, _,"’ n “‘\.
! H
% 1 I
Al 1 [N !
A = &
N I 4
\\ 11 : JJ : f,r
b \ 1 ' 1 l,.-’;
N ot b MV
- w Y |l|l - r -
{-,:_____\: 0 N
1
1
1
1
1
1
1
X
Loi giai :
Ap dung cong thirc Ostrogradsky ta co :
I:”j(y2+z+x2)dxdydz
\%
Oﬁwﬁz
X =rCos¢ 2

dat y=rsing =:0<r<1 | J=—r
z=1 0<z<r?

do dri[(r2 +2)rdr
0

Il
O NV | N
O ey

Vi du 2.04.9. Tinh H xdydz + ydzdx + zdxdy trong d6 S la phia ngoai ciia mién
S

(z—1)23x2+y2,aSZs1,a>0
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Léi gidi -

Ap dung cong thirc Ostrogradsky ta co :
1 3
| =|||3dxdydz =3V =3=Bh=7%(1-a
[y - ~33on“n(a-a)

2.5. Cong thirc lién hé giira tich phan mat loai I va loai II.

_”[P(x, y,z)cosa +Q(x,y,z)eos B +R(X, Y, z)COSy]dS

:.[.[P(x, y,z)dydz + Q(x,y,z)dzdx + R(x, y,z)dxdy
S

trong d6 COSc,C0S 3,c0sy  1a cosin chi phuong cta vecto phap tuyén don vi
cua mat S.

Vi du.2.04.10. Goi S.1a phan mat cau x* + y* + z? =1 nam trong mit tru

X’ +X%2%2=0,y>0 , hudng S phia ngoai. Chung minh rang

,U(X— y)dxdy +(y —z)dydz +(z—x)dxdz =0
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Zz

Lot giai :

Tacod: y=4/1—x?—y? nén vecto'phap tuyéncua S la ﬁ:i(—y;(,l,—y'z) . Vi

(ﬁ,Oy) <% nén

n=(=Y,1-Y,)= [\/1 N \/1—)(22—22}

Do dé oz 1 A
00 H 1-xomg?” +1—x2—22_m'vay

coScr = cos(ﬁ,Ox) —1_x

cos 3 = cos(ﬁ,Oy) =2=y

~ n
CoSy = cos(n,Oz) :‘éz X
i
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Ap dung cong thirc lién hé giita tich phan mat loai I va Il ta c6 ;

I =£j[(x— y)cosy +(y—2z)cos B +(z-x)cosa |dS

”(X_Y)Z+(Y—Z)X+(Z—X)yds

S

Il
o
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Chuwong 5: Ly thuyét trueong
§1. Trwong vo hudéng
1.1. Pinh nghia
Pinh nghia 6.3. Cho Q 1a mét tap con ma cia R® (hodc R%) . Mot ham sb

u:Q—>R
(x,y,z)>u=u(xy,z)
dugc goi 1a mot trrong vo hudng xac dinh trén ).
Cho ceR , khi d6 mit S={(xy,z)eQ/u(xy,z)=c} duoC goi la mat
muc ang véi gia tri ¢ ( dang tri ).
1.2. Pao ham theo hudng
Dinh nghia 6.4 . Cho u=u(X,y,z) 12 mdt truong v6 hudng xac dinh trén Q
va MyeQ . Véi | 1a mot yecto khde khong bat ki va M (x,y,z) sao cho MM

cung phuong véi [, dat

\/(x—x0)2 +(y= yo)2 +(z—zo)2
_\/(x—xo)2 +(y—y0)2 +(z—zo)2

.. . . - AU ) - .
gidi han ( néu ¢6.) cua ti SO Img— dugc goi 1a dao ham theo huong | tai M,
=0 p

cua truong vo hudng u va dugc ki hiéu 1a %( M)
Chu y:
e Gidi han trong cong thuc trén c6 thé duoc thay bang

Iimu(x0 +tcosa, Y, +1€0s 8,2, +tcosy ) —u(X,, Yo, Z)

t—0 t

trong d6 cose,cos 3,cosy 1a cac cosin chi phuong cua |
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o Néu ITTOx thi %(MO):Z—E(MO)
e Dao ham theo huéng | tai diém M, cua trudng vo huéng u thé hién
téc do bién thién ctia trudng vo huéng u tai M, theo hudng I.
Dinh 1y 6.16. Néu u=u(X,y,z) kha vi tai M (X,,Y,,2,) thiné c6 dao ham
theo moi huéng I+0 tai M, va
au
ol

(MO):%I(MO).COSO(+%J(|\/|O).COS,B+Z—;I(MO)0057/

trong d6 COScr,COS [3,c0Sy la cac cosin chi phuong cua l.
1.3. Gradient

Dinh nghia 6.5. Cho u(X, Y, Z) la truong vo hudng cé cac dao ham riéng tai

M, (%o, Yor Zo ) - Nguoi ta goi gradient ciia.u tai M 1a-vecto

B m,) )

va duoc ki hi¢u 1a’ gradu(M,) .
Dinh 1y 6.17. Néu truong vo huong u(X, Y, Z) kha vi tai M, thi tia do ta co:

au

3 (M,) = gradul

Chay : %(MO) thé hién toc do bién thién cua truong vo hudng u tai

M, theo hudng . Tu cong thuc

ou

a(|\/|0):grﬁu‘Iﬁcos(gr?:l’u,f)‘
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ta co

ou
— M
(M)

gradu . Cuthé:

dat gia tri l6n nhat bang ‘graduHﬂ néu I ¢o cung phuong véi

e Theo hudng I, truong vo hudng u ting nhanh nhét tai M, néu I ¢o

cung phuong, cing huéng véi gradu.
e Theo huéng I, trudng v6 hudng u giam nhanh-nhét tai My.néu I co
cung phuong, ngugce hudng véi gradu .
Vi du 2.05.1. Tinh dao ham theo hudng | cua
u=x*+2y°-32° tai A(2,0,1),I=AB,B(12,=1)
Loi gidi :

Taco: AB =(-12,-2) nén

cosa = ;1 =_—1,a—u=3x2:>8—u(A):12
AB| 3 oX OX
2 2 ou , _0Ou
—Cme 2 6 = (A)=0
cos 3 R y :>ax( )
-2 -2 ou , ou
e e 9 —(A)=-9
oSy ‘ ‘ 35 Z :>ax( )
Ap.dung cong thirc 6.2 ta c6
ou -1 2 —2
—(A)=12.—+0.—+(-9)—=2
N1+ 05+(9)5

Vi du 2.05.2. Tinh mondun ctua gradu véi u=x>+y°+7° tai A(Z,l,l) . Khi nao

thi gradu 1 Oz , khinao gradu=0
Loi giai :

Taco:

Link: http://www.moon.vn/KhoaHoc/DeCuong/2075/1010/7 107




TLTK: LT — TOAN CAO CAP A3 - GIAI TiCH 2 (NAM HQC 2017 -2018)
GIANG VIEN: TS. NGUYEN PUC TRUNG

— = —j (3x —3yz,3y* —32x,37° —3xy)

nén gradu= (9,—3, —3) va

e gradu LOzc(gradu,E):O@g—z:OQZZ:xy

X* =yz
e gradu=0sy’ =X x=y=1
7% = xy
Vi du 2.05.3. Tinh gradu véi u=r? +l+lnr va r=\x" +y’+ 2°
- r

Vi du 2.05.4. Theo huéng nao thi su bién thién ctia ham s6 u=Xsinz—ycosz tir
goc toa d O(0,0) 1a 16n nhat ?

Lot giai :

Tu cong thirc %(O) = gradul = ‘ﬁu“ﬂ.cos(ﬁu,f) ta c6

ou
—(O)| dat
aU\ 2

gi4 tri 16n nhat bang ‘@UW néu T ¢6 cung phuong véi gradu(0)=(0,-1,0)

Vidu 2.05.5. Tinh goc giira hai vecto gradzcua ham
2=X"+y*,z=x—-3y+./3xy tai M(3,4)
Loi gial :

Taco;

— 34
o gradz = nén gradz, (M :(—,—j
(\/x +y° \/x +y° j (M) 535
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e gradz,= (1+J_x —3+ﬁj nén gradzZ(M):(Z,_—gj

(gradz,,gradz,) 1o
lgradz|gradz,| 5V145

Vay CoSa =
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§2. Truwong vecto

2.1 Dinh nghia

Cho Q 1a mot mién mé trong R® . Mot ham vecto

F:Q->R®
M—>F=F(M)

trong do :

F=Fx(M)i+Fy(M)j+F,(M)k
2.2. Thong lwong, dive, trudng dng.

a. Thong lugng: Cho S 1a mdt mat dinh hudéng va F la mot truong vecto. Dai
luwong
¢ = _[ j Fxdydz + Fydzdx + F 2dxdy

dwoc goi 1a théng luong cia F di qua mat cong S.
b. Dive:Cho F 1a mat truong vecto ¢6 thanh phén F. Fy, F, l1a cac ham sb co
oF, oF

A A /( A 1 K aF : N\ * ? N\
dao ham riéng cap mot thi tong 3 X+ ayy + 5 £ duoc goi 1a dive cua truong
X yA

vecto E wa ki hiéu 1a div F.
c.. Trudng vecto. F xac dinh trén Q duoc goi 1a mot trudng dng néu div
F(M)=0 voi moi M eQ .
Tinh chit : Néu F 1a mot truong 6ng thi théng luong di vao bang thong
lugng di ra.
2.3. Hoan luu, vecto xoay.

a. Hoan luu: Cho € 1a mot duong cong ( c6 thé kin hoic khong kin ) trong
khong gian. Pai luong
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j Fxdx + Fydy + Fzdz
C

dwoc goi 14 hoan luu cia F doc theo dudng cong €

b. Vecto xody : Vecto

i jk

roiF:| 2990 duoc goi la
OX Oy 07

F, |:y F,

vecto xoay ( hay vecto rota ) cua truong vecto F.
2.4 Truong thé - ham thé vi
Trudng vecto F duogce goi la truong thé( tén Q ) néu tdn tia truong vo hudng u
sao cho gradu = F . Khi d6 ham y duoc goi 1a ham thé vi.
Dinh Iy 6.18. Diéu kién can va du dé truong vecto F =F (M) 1a mt truong
thé 1a rotF =0 véi moi M €Q .

Cha y : Néu F 14 truong thé thi ham thé vi u duogc tinh theo cong thirc

X y

u :IFx(x, yo,zo)dx+ij(x, y,zo)dy+IFz(x,y,z)dz +C

Xo Yo Zy
Vidu 2.05.6. Trong cac-truong sau, trudng nao 13 trudng thé ?
a. A a=5(x"=4xy)i+(3x" - 2y)j+k
b. a=yzi+xzj+xyk
c. a=(x+y)i+(x+z)j+(z+x)k
Loi giai :

a. Taco:
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9 9410 9]l @2
rota=||dy az|,|6z dy||ox @y||=(0,0,6x—20y)=0
Q R|IR P||P Q
nén a khong phai 1 truong thé.
b. Ngoai cach tinh rota, sinh vién c6 thé dé dang nhan thay ton tai ham thé vi
U=Xyz nén a 1a ham thé.
c. Taco

o 0d||0 0||0 O

rota=| oy @z|loz dy||ox ay||=(0,0,0)
Q R||IR P||IPQ
nén a la truong thé.
Vi du 2.05.7. Cho F =xz%i + yx? j+ zy’k . Tinh thong lwong cua F qua mat
cau  S:x*+y?+z? =1 hudng ra ngoai.
Loi gidi -

Theo cong thuc tinh thong lugng 6.3 ta ¢6 :

¢= J.J. xz°dydz + yx*dxdz + zy*dxdy

S

Ap dung cong thite Ostrogradsky ta co :
P= ”j(xz +yi 4 zz)dxdydz
\%

Thuc hién phép.doi bién trong toa do cau

x=rsindcose (0<@p<2rx
y=rsindsing,i0<<x ,J=-r’sin@
Z=rcosd 0<r<l1

Taco:
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_2” (3 S Az
¢= _([dgo.([de!;r r sm@dr_?
Vi du 2.05.8. Cho F=x(y+2z)i+y(x+2z)j+z(x+y)k vaL la giao tuyén
cia mat tru x>+ y*+y=0 va nra mit cau x*+y*+2z?=2,z>0 . Chang minh
ring luu s6 cua F doc theo L bing 0
Lot giai :
Theo cong thire tinh luu s 6.4

I :<.|‘>x(y+z)dx+y(z+x)dy+z(x+ y)dz

L

Ap dung cong thirc Stokes ta c6 :

A 0 0 6 90
| = ﬁ oy ozdydz+|pz ox(dzdx+|oy oz|dxdy
*|Q R R P P Q

”(Z —y)dydz + (x— z)dzdx + (y - x) dxdy

S

I
o
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